
Sketch of Lecture 1 Tue, 8/21/2018

� N= f1; 2; 3; :::g are the natural numbers.

� Z= f0;�1;�2; :::g are the integers (�Zahlen�).

� Q=
n
p

q
: p2Z; q 2N

o
are the rationals.

� R are the reals (limits of sequences of rationals).

� C are the complex numbers.

Advanced comment. Number theory is also very much concerned with the study of the algebraic numbers
Q� , which are those numbers that are the roots of polynomials with integers. For instance, 5

p
(a root of

x2¡ 5) and i (a root of x2+1) are examples of simple algebraic numbers (neither of which is rational).
Comment. The numbers � and e are probably the most fundamental mathematical constants, which are not
rational. However, we understand the nature of these numbers so little that we do not even know whether
e+� is rational or not. (Overwhelming evidence suggests that e+� is irrational but we do not have a proof.)
Isn't that shocking and shameful?!

1 Divisibility

1.1 Quotients and remainders

Theorem 1. Let a; b2Z, with b=/ 0. Then there exist unique integers q and r such that

a= qb+ r; 06 r < jbj (that is, a
b
= q+

r

b
).

q is the quotient, and r the remainder in the division of a by b.

Example 2. For a= 20, b=6, we have 20
6
=3+

2

6
. That is, q=3 and r=2.

For a= 20, b=5, we have 20
5
=4+

0

5
. That is, q=4 and r=0.

Example 3. When b=2, then r 2f0; 1g, and every integer is either of the form 2q or of the
form 2q+1. We call numbers even or odd correspondingly.

Example 4. Show that the square of an integer leaves the remainder 0 or 1 upon division by 4.
That is, none of the squares 1; 4; 9; 16; 25; 36; ::: leave remainder 2 or 3 when dividing by 4!!
Proof. Every integer is of the form 2q or 2q + 1. Upon division by 4, (2q)2 = 4q2 leaves remainder 0,
(2q+1)2=4q2+4q+1 leaves remainder 1.

Example 5. Show that the square of an integer leaves the remainder 0 or 1 upon division by 3.
Proof. Every integer is of the form 3q, 3q+1 or 3q+2. Upon division by 3, (3q)2=9q2 leaves remainder
0, while both (3q+1)2=9q2+6q+1 and (3q+2)2=9q2+ 12q+4 leave remainder 1.

1.2 Greatest common divisor

De�nition 6. Let a; b2Z and a=/ 0. We write ajb (and say b is divisible by a) if b

a
2Z.

In other words, ajb if and only if there exists an integer c such that ac= b.

Example 7. 3j9 but 3 - 10.

De�nition 8. Let a; b2Z (not both zero). The greatest common divisor gcd(a; b) of a and
b is the largest positive integer c such that cja and cjb.
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Example 9.

(a) gcd(2; 4)= 2

(b) gcd(15; 28)= 1

(c) gcd(30; 108)= gcd(2 � 3 � 5; 22 � 33)= 6

(d) gcd(140; 2018)= gcd(22 � 5 � 7; 2 � 1009)= 2

BAD?! Computing gcd(a; b) by factoring a and b is not a good approach. Though small numbers might be
easy to factor, it is very hard to factor even moderately large numbers in general.
Next class, we will learn about a good way to compute the gcd, which works well even for enormous numbers
(in particular, it avoids factorizing the involved numbers).

Indeed, in 1991, RSA Laboratories challenged everyone to factor several numbers including:
1350664108659952233496032162788059699388814756056670275244851438515265\
1060485953383394028715057190944179820728216447155137368041970396419174\
3046496589274256239341020864383202110372958725762358509643110564073501\
5081875106765946292055636855294752135008528794163773285339061097505443\
34999811150056977236890927563

Since then, nobody has been able to factor this 1024 bit number (309 decimal digits). Until
2007, cash prizes were o�ered up to 200,000 USD, with 100,000 USD for the number above
(20,000 USD collected in 2005 for factoring a number with 193 decimal digits; 232 decimal
digits factored in 2009, larger ones remain unfactored; largest one has 617 decimal digits).
The reason people are very interested in factoring is that the di�culty of factoring is actually
crucially used in many cryptosystems, including RSA.
https://en.wikipedia.org/wiki/RSA_Factoring_Challenge

Course comment:
Homework is posted after every class to our course website.
Today's homework needs to be submitted online before Thursday, 8/30.
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