Sketch of Lecture 23 Wed, 3/13/2024

Definition 127. Let A be n x n. The matrix exponential is
A=l f A+ EA L a3
N 2! 3!

Why? As a consequence of this definition (which is the motivation for that definition in the first place),

d ae _ d

dt Tt
:0+A+A2t+%A3t2+m:Ae’4t.

1,00, 1 43,3

Therefore, y(t) = e”ty indeed solves the initial value problem y’ = Ay, y(0) = yo.

How to actually compute eA? Well, this Taylor series involves the powers A™ of A. How would you compute,
say, A199? The answer is diagonalization!

Theorem 128. Suppose A=PDP~!. Then, eA=PePP~1

Why? Recall that, if A=PDP~1, then A»=PD"P—1

e :I+A—|—%A2+%A3+...
:I+PDP—1+%PD2P—1+l|pD3p—1 .
—P<I+D+%D2+%D3+... p—1_ peDp-1

Comment. By the same argument, if A=PDP~!, then f(A)= Pf(D)P~! for every “nice’ function f.

Here, “nice” means that f has a convergent Taylor series f(z) =3 - jan,z".
=

More explicitly, if A= P diag(\1, ..., \p) P~ 1, then f(A) = Pdiag(f(\1),..., f(An)) P~L

0 5100

Example 129. |fA:[2 g} then AIOO:[QNO 0 }

Example 130. IfA:[g g},then eA:[(l) H—l—[g g]—l—%[zg 502}—%“:{62 o ]

Clearly, this works to obtain e” for every diagonal matrix D.

In particular, for At:[QOt : } eAt:[é (1)}—1—[ 2wy } +%[ (25)2 (52)2 } _|_...:[ e 0 }

2
Example 131. (homework) Diagonalize A:[ -1
~1

= Ww o
W= o
|

110 2
Solution. (final solution only) A= PDP~! with P—[ 101 ] and D—[ 2 ]
0 4
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Example 132. Solve the initial value problem

2 00 1
y'=| -1 31|y, y(0)=| 2
113 1

Solution. Recall that the solution to 3y’ = Ay, y(0) =y is y = e tyo.

e First, we diagonalize:

2 00
ForA:{—1 3 1},AzPDP_1 with P:[

O
=l

-1 1 3

—-

0 2
1 ] and D:{ 2 } (That's homework!)
4

e We can then compute the solution y(t) = e*tyq:

y(t)=etyo = PeP'Pyo

1107 e* 110171
=101 et 101 2
|01 1 | eft |0 11 1
(1107 e* [ 1
=101 et 0
|01 1 | eft |1
(1ol | [ e
=101 0 |=]| e?t+ett
i 011 ] it J \‘ edt J
11011t
Comment. It is not necessary to compute | 1 0 1 (of course, you could do it, but that's more work).
011
- 110 1
Instead, recall that A—1b is the unique solution to Ax = b. Here, solving [ 101 ]m:{ 2 ], we find m:{
011 1
2t
Check. y=| e2t+ e | indeed solves the original problem:
e4t
2¢e2t J 200 e?t I
y' =] 2e2t44ett |=| =1 3 1 || e +ett |, y0)=| 1+1 [=]| 2
\‘ 4e4t J -1 1 3 [ e4t J 1 1
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