Homework Set 8

| Problem 1

You find the answer to this problem at the very beginning of Lecture 22.

‘ Problem 2

1 0
Example 1. Let A be the matrix for reflecting through the plane spanned by [ 4 ],[ 2 ]

Diagonalize A as A=PDP~ !

Solution. The eigenvalues of A are 1,1, —1. The 1-eigenspace of A is W, and the —1-eigenspace is wt.

If W:spanﬂ iQHgJ} then WL—nuu({(l) ! :gD

1 4 —2 ] 3R:=>Re Ri—4Rz= Ry 10 4 1 —4
Itfollowsfrom[0 9 _3] s lo 1 _%} lo ;.3 that W - =span 3{2 .

1
We can therefore choose D :[ 1 } and P = [ 4 2 3/2 ]
-1 -2 -3 1

Comment. From here, we can produce a diagonalization of the form A= PDPT. How?

| Problem 3

Example 2. Solve the initial value problem y’ =3y with y(0) =8.

Solution. The general solution to v’ =3y is y(t) = Ce3".
Since y(0) = Ce’ = C =8, we conclude that the unique solution to the IVP is y(t) = 8¢3!.

‘ Problem 4

Example 3. Compute exp(Dt) for the diagonal matrix D = [ (1) 0 }

t
Solution. eDt:|: ¢ 927& :|
0 e
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| Problem 5

Example 4. Solve the initial value problem y/:[ _1112 _89 ]y with y(0) :[ g }

Solution.
e First, we diagonalize A:[ _1112 _89 }:
det([ oA s D:(11—>\)(—9—)\)+96:>\2—2>\—3:(>\+1)(>\—3)

Hence, the eigenvalues of A are —1, 3.
|: 12 8 :| Ro+Ri1= R2 |: 12 8 :| 1—12,R1:>R1 1 2
o A=—1: ~ > 3
—-12 -8 00 00
3

|

Hence, the —1-eigenspace null({ j122 ES D has basis [ *21/

— Q. H 8 & i —1
o A =23: The 3-eigenspace null({ 1o 19 D has basis [ 1 }

In conclusion, A= PD P! with P:{ —21/3 —11 ] and D:{ -1 , }
e Finally, we compute the solution y(t) = e?tyq:

y(t) = PePtP~ly,

‘ Problem 6

-5 0 -3 3
Example 5. Solve the initial value problem y'=| —6 —2 —6 |y with y(0)=| 0
6 0 4 1
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Solution.

-5 0 -3
e First, we diagonalize A=| -6 —2 —6 |:

6 0 4
5-A 0 -3
det[| -6 —2-x -6 = (—Z—A)det([ _56_A 4__3/\ D
6 0 4-2A

expand by 2nd column
= (—2=N((-5-N(A-N)+18)=(-2-A)(N\2+1-2)
= (2= =-1)(A+2)

Hence, the eigenvalues of A are 1, —2, —2.

—LRi=R)
Ro—Ri=R G 1
—6 0 -3 R2+R1=>R§ —6 0 -3 —%RzﬁRz IV 10 §-|
o A=1l:| -6 -3 —6 ~> 0 -3 -3 ~ 01 1
6 0 3 0 0 O 00 OJ
—1/2
Hence, the —1-eigenspace has basis -1 |
1
-3 0 =3 | Ber2BimR 0 _3 g _3 ) 101
| —sRi=R1
o A=-2:| =6 0 —6 | TPLTL g0 o TE 000
6 0 6 00 O 000
— x5 0 -1 0 -1
Since, | z, |=x2| 1 |+x3] 0 |, the —2-eigenspace has basis | 1 [,| o |.
z3 0 1 0 1

-1/2 0 —1 1
In conclusion, A= PD P! with P—{ 1 1 0 } and D—{ —2 }
1 0 1 —2

e Finally, we compute the solution y(t) = e?tyq:

y(t)=etlyy =PePiP~ 1y,
B

10 20
2 2

=l -11 0 e ~11 0 0
1 0 1 e 2t 0 1 1

{_é 0 3 [—% 0 —1 3
Notethat x=| _7 1 o 0 | isequivalentto| _7 1 o [x=]| 0 |. We solve this to find x:
[ 1 0 1 J 1 [ 10 1 J 1
1 R:—2R1=R 1 —2R1=R _
-5 0 -1 3-| Rat2Ri— Ra [ —3 0 -1 3-| “Ry—n, | 10216
It follows from | _1 1 0 ~ 01 2|—-6 ~ 01 2|6
[10 1[1 00 —1 7J 00 1]-7
R1—2R3=R: 100 ]
R2—2R3= R: 8
: 2~=>3:> “lo1o0| 8]|that w:[ 8 } Therefore:
00 1|-7 -7
_% 0 —1 et -| 8
yt) = | -11 o0 e 2t 8
1 01 e L =7
10 -1 [ set —4et 4 T7e"2t
2
=l -11 0 8e™2t |=| —8et+8e 2
1 0 1 || —Te? et —Te2t
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| Problem 7

_9p—t 3t _—t_ 3t
Example 6. Given eMt= 626—75 +63§t 3 e_t +2e3t , determine the matrix M.
e ' —6e e t—2e

Solution. (via matrix powers) Without computations, we can conclude that (by replacing e with \™)

L[ —2(-1)m 433" —(—1)n 437
M [ 6(—1)"— 6. 3" 3(1)"2-3n]

; : _ - _[ 2+3-3 143 _[ 11 4
In particular, setting n =1, we find M—{ e 63 a3 a3 } —{ Cos o ]
Solution. (via derivative) Alternatively, we can find M by computing %eMt = MeM? and then setting t =0:

ieMt: 2e~t 4 9e3t et 4 3e3
de —6e~t—18e%t —3e~t — 6e3?

. . . . [ 249 143 ]_J 11 4
In particular, now setting t =0, we find M*[—G—IS —3—6}*[—24 _9].

| Problem 8 |

Example 7. Write the (third-order) differential equation vy’ = 5y” + 6y’ 4+ 2y as a system of
(first-order) differential equations.

. ) Y 010
Solution. Write y=| 4’ |. Then y’=| 0 0 1 |y.
y" 26 5

[Note how the third row of the matrix encodes y'"/ =2y + 6y’ + 5y’’, while the first and second row encode the
(trivial) equations y' =y’ and y"' =y".].
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