Sketch of Lecture 16 Tue, 10/18/2016

Example 106. Let A:[é 2 ﬂ. What is rank(A)? Find a basis for col(A4), row(A), null(A).

Solution. rank(A)=2. Hence, dimcol(A) =dimrow(A) =2 and dimnull(A)=3—-2=1.
The dimension of null(A) is also called the nullity of A.

e A basis for col(A) is: [ (1) } [ H }

1 0
e A basis for row(A) is: { 2 } [ 0 }

-2
e A basis for null(A) is: { 1 }
0

1
Example 107. Let A:l 2 ] What is rank(A)? Find a basis for col(A),row(A), null(A).
3

Solution.

1
e A basis for col(A) is: [ 2 } In particular, rank(A) = 1.
3

e A basis for row(A) is: [ 1]

e dimnull(A)=1-—1=0. A basis for null(A) is: {} (the empty set; this basis consists of 0 zero vectors)

Note. Make sure that all of these are evident to you, without computations.

1
If we insist on computing, the RREF of A is [ 0 } and, using Theorem 99, we end up with the same bases.
0

1
Example 108. Determine a basis for W = span { 1 ],[

Note that we have two choices because we can

)
)

The first option will produce a basis from a subset of the original spanning vectors, while the second option
will introduce new vectors (with some zeros). The amount of computation is the same.

W N =

1
e use Theorem 99(a) to determine a basis for W = col([ 1
1

1
2
1

w w

1
e use Theorem 99(b) to determine a basis for W:col([ 1
—1

11 -1
Solution. Note that W = col(A) with A:{ 12 1 } Since
13 3
11 -1 gz—glﬁgz 11 -1 R R R 11 -1
12 1 [PTRT®l o1 2 [PTRET® o1 2 |,
13 3 02 4 00 O

1 1
a basis for Wis | 1 [,| 2 |.
1
Note. Recall that bases are not at all unique. For instance, now that we know that W is 2-dimensional, we see that any pair of
its original spanning vectors would form a basis (because each such pair is linearly independent).
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Solution. Note that W =row(A) with A:[ 1 23 } Since
113
1 11 gé_glig2 111 R 2R R 111
123 [T g g g |[TEETE g g g |
-1 13 024 000

1 0
a basis for Wiis | 1 [, 1 |.

Note. In this case, we get a basis that is not taken from the original spanning vectors. Here, we can still see how it is related to
1 1 0

the basis we obtained earlier: [ 2 |=]1 |41
3 1 2

Recall that a basis of V is a list of vectors in V', which span V' and which are linearly indepen-
dent. The following is a rephrasing of that:

Vectors vy, ...,vg in V are a basis of V.
<= Every vector in V' can be written uniquely as a linear combination of vy, ..., v4.

Why? “can be written” because a basis spans V. “uniquely” because basis vectors are linearly independent.

2 2
Example 109. Let W be as in the previous example. Is| 1 |[in W? Is| o |in W7
—2 -2

Answer using each of the bases we have constructed. If a vector is in W, then write it in terms of the basis.

1 1
Solution. We use the basis a: |: 1 :|,[ 2 :| [ce is just a random name for this basis to distinguish it from the second one]
1 3
) 112 112 112 ] ) 2 . )
Since| 1 2|1 |~]| o0 1|-1 |~] 0 1|—-1 | is inconsistent, 1 is not in W.
1 3|—-2 0 2|4 0 0]|—-2 -2

2 2
-2 } is consistent. So, { 0 } isin W.

1
On the other hand, { 2
3 0 -2

2 1 1( 2 11
0 ~>1 0 1(=2 (~] 0 1
—2 0 2(—4 0 0

1
1
1
2 1 2
{ 0 }:4{ } 2[ 2 } Instead of{ 0 } we can write [ _42 ] . Allows us to work with W as if it was R2.
2 3 —92 @

1 0
Solution. We use the basis 3: { 1 },[ 1 }
1 2

2
We find, again, that [ 1 } is not in W, and that [ 0 } isin W.
—2 —2

Do it! You can proceed exactly as before. But you can also try to exploit the extra O in the basis to avoid
row operations.

2 1 0 2 5
Thistime, | 0o |=2[ 1 |—2| 1 |. Instead of | 0 |, we can now write [ ) }
—2 1 2 —2 = 1B
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