Sketch of Lecture 13 Tue, 10/4/2016

11 Vector spaces, bases, dimension

Example 88. (review from exam)
e If vy, v9,v3 are linearly independent, then v is in span{wvs, vs}.

e If vy, v9,v3 are linearly dependent, then we cannot say whether v is in span{wvs, vs}.

1 1 0 1
},{o}aredependent, and{l} is in span {1},[0} .
0 0 0 0

1 0 0 1 0 0
Similarly, the vectors { 1 },[ 1 },[ 2 } are dependent, but [ 1 } is not in span { 1 },[ 2 } .
0 0 0 0 0 0

Definition 89. A (vector) space is a set V' of vectors that can be written as a span.

o = O

1
For instance, the vectors [ 1 },{
0

That is, V = span{w1, wa, ...} for some bunch of vectors w1, wa, ...
e \Vectors wi, wo,... are called a basis of V' if
(a) V =span{wi, w,, ...} and
(b) w1y, ws, ... are linearly independent.

e The dimension of V is the number of elements in such a basis. (it is always the same.)

Example 90. Determine the dimension as well as several bases for the following vector spaces.

ovmeG GG o

Solution.

1 0 1
(a) Note that the vectors [ 1 },[ 1 }{ 0 } are not a basis of V' because they are linearly dependent.
0 0 0

el (]3]

Consequently, dimV = 2.

1 0
e By the same reasoning, { 1 }{ 1 } is a basis for V.
0 0

In fact, we can shorten the reasoning (more on this later): the two vectors are independent, and
we know that dim V' =2, which means it's the right number of vectors.

1 1
e Similarly, { 1 },[ 0 } is a basis for V.
0 0

1 0 1 0 0 0
(b) { 1 },[ 1 } is a basis for WW. Also, { 1 },[ 2 } is a basis for . But [ 1 },[ 2} is not a basis for V.
0 0 0 0 0 0

dim W = 2.

Note. Actually, these two are the same vector space: V =W.
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Theorem 91. Let x,, be a particular solution to Az =b. Then all solutions of Az =b have
the form & =, + =), where x}, is a solution to the associated homogeneous system Az =0.

Example 92. Find the general solution of

Solution. We eliminate:

1 2 0 —-1|4 Ro+2Ri= R» 1 2 0 —-1|4 %Rijz 1 2 0 —-1|4
-2 -4 2 4 |-=-2 o o 2 2

Our free variables are zo = 51 and 4 = s9. We read off that 1 =4 — 251 + 59, 3 =3 — s0.

4—2s1+ 82 ] {—12] { (1) ]

SN HEE

S L )
particular solution  general solution to homogeneous eq.

Hence, the general solution is

Note. In accordance with Theorem 91, the solution is given as a particular solution £, =[4 0 3 0 17 plus

the general solution to the homogeneous equation [ _12 _24 g _41 }sc:{ 8 ]

Example 93. Find the general solution of

SRR

Solution. Note that there is one obvious solution: x=[0 1 0 0]7. (Another oneisxz=[2 0 0 0]7.)

{4—251+S2 [0] {—2] { 1

= o1 = ! T I 01
R N P I Y

particular solution  general solution to homogeneous eq.

Hence, reusing our previous insight, the general solution is

| Definition 94. null(A) (the null space of A) is the set of all solutions to Az =0.

Example 95. Find the dimension and a basis for null(A) with A= [ LA }

2

] 1
Solution. The general solution to Az =0 are all vectors s J + 32{ _O J In other words,
1

o O

-2 1] 1
null(A) = span { (1) ,{ _01 J
0

2 1

J,{ _01 J are clearly independent, and so are a basis for null(A). So, dimnull(A) =2.

1

O O

The two vectors {
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