MATH 237 — Linear Algebra I
due Thursday, Oct 22, in class

Homework #6

Please print your name:
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(a) Find a basis for col(A). What is the dimension of col(A4)?

Problem 1. Let A:[

o O = N
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(b) Is the vector u :{ 0 J in col(A)?
0
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Hint: Note that this is the same question as: “Does Ax = u have a solution?”

However, save yourself time and observe that if, say, v1, v2 form a basis for col(A), then you only need to determine whether the
simpler system zjv1 + x2v2 = u has a solution (because we got rid of free variables, this system either has a unique solution or
none at all).

(c) Find a basis for col(AT). What is the dimension of col(AT)?

(d) Is the vector w= {

O N

J in col(AT)? Is w in col(A)? Conclude that col(A)# col(AT) (but both spaces have the

same dimension).
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(e) If possible, write the vector a :{ J as a linear combination of your basis of col(A).
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Solution.

(a) We compute an echelon form of A:

Ry—2R1=R
[1204WR§7§R§R§120 4} 120 4}
2 4 —1 3 R474‘\IE)1:>R4 O O —1 —5 R3+2&2:>R3 O O —1 —5
36 2 22 00 2 10 00 0 0
48 0 16 00 0 0 00 0 0

1
The pivot columns are the first and third. Hence, a basis for col(A) is { g }, {
4

In particular, the dimension of col(A) is 2.

[

(b) Since col(A) =span {

[ V)

J, { 5 J , we need to decide whether :cl{

B W N
—

R3—3R1=R3
2 —1 O R4745_}1:>R4 O —1 —2
3 2|0 0 2|-3
4 0|0

[1 0 1}32*21%@32 1 01

We stop here because we can already tell that this system is inconsistent. Hence, w is not in col(A).
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(c) We compute an echelon form of A”:

[1234} [1234 ‘ 1234} [1234}

Ro—2R1=Ro swap zero

2 4 6 8 [Rs—4Ri=Rs;1 0 0 0 O jrowtobottomj 0 —1 2 0 jRs—5Rs=>Rs; 0 —1 2 0
Ay loard ead

0 -1 2 0 0 -1 2 0 0 -5 10 0 0 0 00O

4 3 22 16 0 -5 10 0 0 0 00 0 0 0O
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The pivot columns are the first and second. Hence, a basis for col(AT) is {

OJ‘H;NJ
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In particular, the dimension of col(AT) is 2.

(d) The vector w is obviously in col(AT), because it is the first column of AT.

To see whether w is in col(A), we proceed as we did for u (note that, for the first step, the row operations are
the same; only the right-hand side changes):

[ 1 01 ] fo2l=Ralg | 1 1 01
3—3R1=R3

2 _1 2 R474&1:>R4 0 _1 0 R3+2£2:>R3 0 _1 0

3 2|0 0 21]-3 0 01]-3

4 0 |4 0 010 0 0O

This system is inconsistent. Hence, w is not in col(A).

Because w is in col(AT) but not in col(A), we see that these are two different spaces. However, they both are
subspaces of R* and have dimension 2.

(e) We proceed as we did for the vectors u and w:

{ 1 013 w Ra—2fi=Raf ) 0 | 3 w 1 03 w
3—3R1=R3
2 —1]4 Ra—4R1= Ra 0 —1(-2 Ry+2Rz= Rs 0 —1(-2
3 2113 0 214 0 010
4 0 )12 0 01]O0 0 010
1 0 ]
This system has solution x1 =3 and x2 =2, which implies that a = 3{ g J + 2{ ;1 J [l
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