Review

e A vector space is a set of vectors which can be added and scaled (without leaving
the space!); subject to the “usual” rules.

e The set of all polynomials of degree up to 2 is a vector space.

[a0 4+ a1t 4+ a2t®] 4 [bo + bit + b2t?] = [(ao+ bo) + (a1 + b1)t + (a2 + b2)t?]
rlag+ a1t + ast?] = [(rag) + (rai)t+ (raz)t?]

Note how it “works” just like IR®.

e The set of all polynomials of degree exactly 2 is not a vector space.

[1+4t+t2)+[3—t -t = [4+3t
deg?ge 2 deg?ge 2 NOT degree 2

e An easy test that often works is to check whether the set contains the zero vector.
(Works in the previous case.)

Example 1. Let V be the set of all functions f: R —IR. Is V' a vector space?

Solution. Yes!

Addition of functions f and g:

(f+9)(x)=f(x)+g(x)

Note that, once more, this definition is “component-wise”.

Likewise for scalar multiplication.
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Subspaces

Definition 2. A subset IV of a vector space V' is a subspace if W is itself a vector space.

Since the rules like associativity, commutativity and distributivity still hold, we only need
to check the following:

W CV is a subspace of V' if

e W contains the zero vector 0,

e IV is closed under addition, (ie. if u,v €W then u+tve W)

e IV is closed under scaling. (ie. if w €W and c €R then cu € W)

Note that "0 in W" (first condition) follows from “W closed under scaling” (third condition). But it
is crucial and easy to check, so deserves its own bullet point.

Example 3. Is W:span{- 1 }} a subspace of R??

Solution. Yes!

° Wcontains{g}:O{ 1

2]l fan

Example 4. Is W = {[ g ]:a,b in ]R} a subspace of R3?
b

Solution. Yes!

0
e IV contains | o
L 0
ai as | ai+az | |
) o |+] o |= 0 isin W.
b1 b2 i b1+b2

° c{g]:{coa]isin W.
b cb

The subspace W is isomorphic to IR? (translation: ! 0 ] “ [ . }) but they are not the
b

same!
Example 5. Is W = {[ 1 ]:a,b in ]R} a subspace of R3?
b

Solution. No! Missing 0.
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0 a
Note: W:[ 1 ] + {{ 0 ]: a,bin IR} is “close” to a vector space.
0 b

Geometrically, it is a plane, but it does not contain the origin.

Example 6. Is W = {{ 8 }} a subspace of R??

Solution. Yes!
e IV contains { 8 }

(3] fg) g e

. c{g}:{g}isinW.

Example 7. Is W = {{ xil }:x in IR} a subspace of R??

Solution. No! W does not contain { 8 }

[If O is missing, some other things always go wrong as well.

For instance, 2[;}:[i}or[ﬂ+[§}:[g} are not in W]

Example 8. Is W:ﬂ 8 }}U {[ o }::z: in ]R} a subspace of R??

[In other words, W is the set from the previous example plus the zero vector.]

Solution. No! 2[ ; } :[ . } not in W.

Spans of vectors are subspaces

Review. The span of vectors vy, va, ..., v, is the set of all their linear combinations.
We denote it by span{vi, va, ..., v, }.
In other words, span{wvi, v, ..., U, } is the set of all vectors of the form
Cc1V1 + Ccov2 + ... + CUm,

where ¢y, co, ..., ¢y, are scalars.

Theorem 9. If vy,...,v,, are in a vector space V, then span{vy,...,v,, } is a subspace
of V.

Why?
e Oisin span{vi,...,v;m }

° [clvl + ...+ Cm’Um] + [dl’Ul + ...+ dmvm]
= [(Cl + dl)vl + ...+ (Cm + dm)'vm]

o rlcivi+ ...+ cmum] =[(rci)vi+ ... + (rem)vm)
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Example 10. Is W = {[ g;-_?)z }: a,bin IR} a subspace of R??

Solution. Write vectors in W in the form

BN ESEIRTEY
([ 4]}

By the theorem, W is a vector space. Actually, W =1R?.

to see that

Example 11. Is W = {[ a;“b ?2)2 }:a,b in IR} a subspace of My, the space of 2 x 2

matrices?

Solution. Write “vectors’ in W in the form

o 2] [-10 0 2
{a—i—bi&a]_a{l 31”’[1 o]

el 3123}

By the theorem, W is a vector space.

to see that
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Practice problems

Example 12. Are the following sets vector spaces?
(a) le{[ : Z }:a+3b:0,2a—c:1}

No, Wj does not contain O.

() Wa={[ Fe “Jiab,cin R}

Yes, Wo=span{[ } 0 |.[ ¢ 2 ].[ 2 2]}

Hence, W5 is a subspace of the vector space Mato o of all 2 x 2 matrices.

(c) Wgz{[Z}ICLbEO}

No. For instance, { :1)’ }4-{ —2 }

{ 713 } is not in Wi,

(d) Wy is the set of all polynomials p(t) such that p’(2) =1.

No. W, does not contain the zero polynomial.

(e) W5 is the set of all polynomials p(¢) such that p’(2) =0.
Yes. If p/(2)=0 and ¢'(2) =0, then (p+ q)’(2) =0. Likewise for scaling.

Hence, W5 is a subspace of the vector space of all polynomials.
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