. _ * MATH 332 — Differential Equations II
Ml dte rm #2 PraCtl C e Midterm: Friday, Apr 11, 2025

Please print your name:

Bonus challenge. Let me know about any typos you spot in the posted solutions (or lecture sketches). Any typo,
that is not yet fixed by the time you send it to me, is worth a bonus point.

Problem 1. Determine the equilibrium points of the system i—f: (2% — 4)y, % =%y — 3xy +5 and classify their
stability.

Solution. To find the equilibrium points, we solve (22 —4)y =0 and 2%y — 3xy + 5=0. The first equation implies
that we have x =+2, or y=0.

e If x=2, then the second equation becomes —2y + 5 =0 which implies y :g.

e If x=-—2, then the second equation becomes 10y +5=0 which implies y = —%.
e If y=0, then the second equation becomes 5 =0 which has no solution.

We conclude that we have two equilibrium points: (2, %), (—2, —%)

Our system is %[ z ] :[ J;g;’; ] with [ 5853 ]:{ wzl(fjgfjis ‘

The Jacobian matrix is J(z, y) :{ ;x ;’y ] :{ szxygy x’f _34x ]
x y - -

e At (2,%), the Jacobian matrix is J(2,g) :[ 130 _02 } We can read off that the eigenvalues are 10, —2 (because
2

5

the matrix is triangular). Since one is positive and the other is negative, (2, 5) is a saddle. In particular, (2,%)

is unstable.
o At (—2, —é), the Jacobian matrix is J(—2, —é) :{ ? 100 } We can read off that the eigenvalues are 2,10. Since
2

both are positive, (72, f%) is a nodal source. In particular, (727 f%) is unstable.

The following phase portrait confirms our analysis:
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Problem 2. Let y(z) be the unique solution to the IVP 3" =z + 243, y(0) =1, y’(0) =2.

Determine the first several terms (up to z*) in the power series of y(z).

Solution. (successive differentiation) From the DE, y”(0) =0+ 2y(0)3=2.
Differentiating both sides of the DE, we obtain y”’ =1+ 6y2y’. In particular, y”'(0) = 13.
Continuing, 3y =12y (y")? + 6y2y" so that 3y (0)=12-1-2246-12-2=60.

Hence, y(2) = y(0) + y'(0)z +5y"(0)a + 5y (0)2° + 5y D ()t + ... = 14 204 2? + T 4+ Jot + .

Solution. (plug in power series) Taking into account the initial conditions, y =1+ 2z + agz? + azz® + asx* + . . ..

Therefore, " = 2as + 6azz + 12a42% + . ..
On the other hand, y3 =1+ 6x + (3az+ 12)z% + ...
Equating coefficients of y” and z + 2y°, we find 2a2 =2, 6az3=1+2-6 =13, 12a4 =2(3az + 12).

So as=1, a3:1—3 a4:%a2+2:% and, hence, y(x):1+2x+x2+%x3+%x4+...

6 )

Problem 3. Consider the DE 3" =x(22+7) vy’ + (2% + 3)y.

Derive a recursive description of a power series solution y(x) (around x =0).

Solution. Let us spell out the power series for vy, 22y, zy’, z3y’, y':

o0
y(x)= anx"
n=0
oo o0
x?y(x) = Z anx"t2= Z Ay — 2%
n=0 n=2
oo
y'(x)= Z napx™ 1
n=1
o0
xzy'(z) = Z nax"
n=1
o0 o0
23y’ (z) = Z na,z"t?= Z (n —2)a, _2x™
n=1 n=3
(o) (o)
y”(x)zz n(n—1)a Z (n+2)(n+1)ap422™
n=2 n=0

Hence, the DE becomes:

Z (n+2)(n+1)ap 22" i (n—2)a,— 2:5”—&-72 nanx —|—Z Ay — 02X —|—3Z anx”.

n=0
We compare coefficients of z™:
3
e n=0: 2a9=3agp, so that az = 5ao.
1=
e n=1: 6as="Taj+ 3ay, so that az= %al.
1 17 1 17 3 53

e n=2: 12a4=14as+ ag+ 3as, so that ay= 1300 + 502 = 7500 + 15 500 = 500

e n>23 (n+2)(n+1l)apnte=nM—2)an_2+™an+an_2+3a,

o ™m+3
Int2= o rym+ D

n—1

nr)(nt1)in-2

apn +
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n — n—3

Equivalently, for n>5, a,, = m n—2+ =Ty dn—4-
In conclusion, the power series y(z Z apx™ is recursively determined by
n=0

a—ia a—éa a—5—3a a —7n_11a + n—3 a forn>5
2—2 0 3—3 1 4—24 0, n—n(n_l) n—2 n(n—l) n—4 = J.

(The values ag and a; are the initial conditions.)

Comment. The formula for a,, also holds for n=4. Can you see why?

3y'—y
x+1

Problem 4. Find a minimum value for the radius of convergence of a power series solution to (4z2+1)y" =
at x =3.

Solution. Note that this is a linear DE! (Otherwise, we could not proceed.) Rewriting the DE as y”

my =0, we see that the singular points are x =+i/2, —1.

3 /
“Gwinaern?Y T

Note that z=31 is an ordinary point of the DE and that the distance to the nearest singular point is |3 — (£i/2)| =
+(1/2)2= \/ ~3.04 (the distance to —1 is [3— (=1)] =4).

Hence, the DE has power series solutions about x =3 with radius of convergence at least %\/37.

Problem 5. Spell out the power series (around x =0) of the following functions.
(a) 6731

(b) sin(3z?)

)
) 1572
Solution.
Si . o~ " h 3w _ 3:1: o >
(a) 1ncee—z o We have e Z —Z
n=0 n=0 n=0
. ) B & (_1)n$2n+1 > )2n+1_ e (_1)n32n+1 Ant2
(b) Since sm(:c)—; RCTESI we have sin(3z?) ; 2n—|—1 —"2;0 @n 1) x .

(o) (o) (o)
(c) Since 1 i —= Z 2™, we have 1 +57x2 :52 (—7:52)":52 (—=7)ma?n,
n=0 n=0 n=0

Problem 6.

an(x — xo)". How can we compute the a,, from y(x)?

NE

(a) Suppose y(x) has the power series y(z) =

Il
=]

n

(b) Suppose f(t) has the Fourier series f(¢ :70 i (ancos< )ern sin (nzrt))

How can we compute the a,, and b, from f(¢)?

Solution.
(n)
_ y"™ (o)
(2) an= n!
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(b) The Fourier coefficients a,,, b, can be computed as

:_/ £(1) nﬂ't) . :_/ (1) mrt) ‘

Problem 7. Consider the function f(¢t)=2(1—t), defined for ¢t € [0, 1].
(a) Sketch the Fourier series of f(t) for ¢t € [—4,4].
(b) Sketch the Fourier cosine series of f(t) for t € [—4,4].
(c) Sketch the Fourier sine series of f(t) for ¢t € [—4,4].

In each sketch, carefully mark the values of the Fourier series at discontinuities.

Solution. The Fourier series (i.e. the 1-periodic extension) as well as the Fourier cosine series (i.e. the 2-periodic even
extension):

L

-4 -3 -2 -1 0 1 2 3 4 4 -3 -2 -1 0 1 2 3 4

The Fourier sine series (i.e. the 2-periodic odd extension):

VAN
A\

In each sketch, the function values at discontinuities are marked in red.

Problem 8. A mass-spring system is described by the DE my” 4+ 7y = F(t) where F(t) is an external force with
period 3. For which values of m can resonance occur?

Solution. F(t) has a Fourier series of the form F'(¢) :% + Z (ancos< 27;7”) + bnsin< 27;:”)).
n=1

The roots of p(D)=mD?+7 are =i, /%, so that the natural frequency is 1/l. Resonance therefore can occur if

7 27rn

— for some n€{1,2,3,...}. Equivalently, resonance can occur if m =-—— for some n€{1,2,3,...}.

m 4 73
Problem 9. A mass-spring system is described by the equation
my" +y=F(t),
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o0
1 .
where the external force has the Fourier series F'(t) = Z Pl 1n<n—t).
o

(a)
(b)

3
n odd

For which m does resonance occur?

Find the general solution when m=1/9.

Solution.

(a)

(b)

The roots of p(D)=mD?+1 are +i/,/m, so that the natural frequency is 1/,/m. Resonance therefore occurs
if 1/y/m=mn/3 for some n e {1,3,5,...}. Equivalently, resonance occurs if m=9/n? for an odd integer n > 1
(that is, m=9,1,9/25,9/49,...).

In this case, the natural frequency is 3 and we have resonance because 3=n/3 for n=9. For n#9 we solve

This has a solution of the form y,= Acos( ) +B sm( ) where A, B are undetermined. Plugging into the DE:

%yp—l- p—A<—%?+ 1>cos( 3 )—l—B(—%%Q—i— 1>sin(%t);%sin(%t>

It follows that A=0 (we could have seen that coming...) and

B 1 sl o8l Sin(n_t)
T O
9 9

The case n =9 has to be done separately: because of resonance there now exists a solution of the form
yp= At cos(3t) + Bt sin(3t).
Plugging into the DE:

1, 72 ! 1 .
o +yp= 3B cos(3t) — A sin(3t) = 5 —sin(3t)

It follows that B=0 and A= —5%1. So yp= —5i4t cos(3t). By superposition it follows that

o= S () i =, e
9y —l—y—z anm 3 has solution Yp= 54tcos(3t)+ Z e S — sin 3 )

n=1 n=1
n odd n odd, n#9

The general solution is y(t) = y,(t) + A cos(3t) + Bsin(3t).

Problem 10. Derive a recursive description of the power series (around z =0) for y(z) :ﬁ.
—2x —bx
Solution. Write y(z Z apx™. Then
oo oo o0 o0
1=(1-2x —52?%) Z = Z anxn—QZ anaU"‘H—SZ apx™t?
n=0 n=0 n=0 n=0
oo o0 oo
= Z apx" — QZ an_lx"—5z Ay — o™,
n=0 n=1 n=2
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We compare coefficients of z™:
e n=0: 1=ay.
e n=1. 0=a;— 2ag, so that a1 =2a¢9=2.

e n>2: 0=a,—2a,-1—5ba,_2 or, equivalently, a, =2a,_1+ 5@, _o.

In conclusion, the power series

1 o . .
53 = Z anx™ is recursively determined by
1—2x—5x =

ap=1, a1=2, a,=2a,_1+5a,_o forn=>2.
Problem 11. Compute the Fourier sine series of the function f(t), defined for ¢ € (0, L), with f(t)=3.

Solution. The odd 2L-periodic extension of f(t) takes the values f(t) :{ ;;’) ﬁg; i g E(;LL’)O)‘

1 (Y, /nw 2 (L /nmt 6 L /nmt\]*¥ 6
b= [ J@sin("F)d=7 /0 351“(T)dt—f[‘%COS(T)L—m“‘m(””
12 . .
—, if n is odd,
= - (yr=q e B
mn 0, if n is even.

Thus the Fourier sine series is:

3 E sin(—mnj )
m™m L

n odd

Problem 12. Suppose that the matrix A satisfies e4* :l[ e P +6e72  —2¢797 4220

7| —3e79%7 +3e72®  Ge 9T 42
(a) Solve y’'= Ay, y(0) :[ ? ]

(b) Solve y’=Ay+[ e ] y(O):{

(¢) What is A?

L)

Solution.

o v =113 ][

(b) y(z)= eAx[ f } + eA’”fgce_Atf(t)dt. We compute:

1,10z 4 2 3= 7
T — At _ x| e ee?t 269t 4 23t 0 _ 3 px| —2e10t 4 2e3t 3| —zelfT 4 Zedr — —
foe f(t)dt— 07|: 30t dt_7f0 dt== 5 3 15

7369{'+382t 689t+e2t 6610t+83t 7 %

3,10 1 3z

e Tt get — 1

_ 1| —3e'0r 4 10e3 -7
35| 9el0% 4 5e37 — 14

Az (T —At 7l e 9% 4 e 2T —2¢9% 4 227 L —3el07 4 103 — 7 7i 3e7 9% — 10e 2% 4 7e”
Hence, e f() € F(t)dt= 7{ 3697 1 3627  Ge=97 4 ¢=2% |35| 00107 1 53T _14 | 35| —9e—9% _ 5e—2% 1 14e” ||

: —2w L[ 3¢9 —10e %+ 7e” L[ 3¢9 460e 2+ 7e”
Flnally xXr)= 2e + ¢ = .
»y(@) em2e 35| —9e79% —5e=2% 4 14e” 35| —9e79% 4 3027 4 14e”

(c) Replacing e~ with (—9)" as well as e ~2* with (—2)", we conclude A":%[ 735.’(97);; i.?f-i({);)" 726'_((:%);12(;(27)3)71 }

In particular, A :[ ;3 38 }

Alternatively. Like any fundamental matrix, ® = e4® satisfies %e’% = AeA”,

d 1| —_g9e—9= _ —2zx —9x _ —2z _
Hence, A=| LAz . 96_ 126_2 18e - de -, _ 32
dz =0 7| 27e 97 —6e72T —5de 9T —2e2® £=0 3 -8
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