Midterm #1 —_— Pr acti ce MATH 332 — Differential Equations II

Midterm: Thursday, Oct 1

Please print your name:

Problem 1.

(2)

Find the general solution to y® — 4y 4+ 54" — 2¢” =0.
Find the general solution to 3" — y=e%+7.

Solve y" + 2y’ + y=2e2* +e~%, y(0)=—1, y'(0) =2.
Find the general solution to y” — 4y’ + 4y = 3e27.

Consider a homogeneous linear differential equation with constant real coefficients which has order 6. Suppose

y(z) = 22e?*cos(x) is a solution. Write down the general solution.

Write down a homogeneous linear differential equation satisfied by y(z) =1 — 5x%e =2

Let y, be any solution to the inhomogeneous linear differential equation y” + xy =e*. Find a homogeneous
linear differential equation which y,, solves. Hint: Do not attempt to solve the DE.

Solution.

(a)

(b)

The characteristic polynomial p(D)= D5 —4D*+5D3 —2D?= D?*(D —1)?(D — 2) has roots 0,0, 1,1, 2.
Hence, the general solution is y(z) = c1 + cax + (3 + c4x)e® + c5e?*.

V3

The characteristic polynomial p(D)= D3 — 1 of the associated homogeneous DE has roots 1 and —% + i

These are the “old” roots.

The “new” roots coming from e” 4 7 are 0,1. Hence, there has to be a particular solution of the form y, =
Axze®+ B. To find the values of A, B, we plug into the DE.

yp=A(x+1)e”, y, = Az +2)e”, y,' = A(xz + 3)e”

|
Yy —yp=3Ae"—B=e"+7

Consequently, A= %, B=-T.

Hence, the general solution is y(z) = -7+ (c1 —|—%x)ez + 02671/2003(?x) + %e’”%in(?m).

The characteristic polynomial p(D)= D?+ 2D +1 of the associated homogeneous DE has roots —1, —1. These
are the “old” roots.

The “new” roots coming from 2e* 4+ e¢~% are —1,2. Hence, there has to be a particular solution of the form
yp=Ae** + Bz?e®. To find the values of A, B, we plug into the DE.

yp=2Ae* + B(2z —2%)e™", y) =4Ae¥ + B(2 — 4z +22)e®

!
Yp 4+ 2yp+ yp=9Ae** +2Be " =2e** 4 ¢

Consequently, A= %, B= %

2

1 o _ _ _ .
9625” +5x2e T+ cre” T+ coxe” ™. Now, we use the initial values, to find

Hence, the general solution is y(z) =
the values for ¢; and ca:

!
y(0) Z%-f—cl =—1, so that ¢; = —%1,
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!
y'(0)= [36296 + (z— %xQ)eﬂ” +%167””+ co(1— x)e’””}m:():%—l- co =2, so that ¢y :%.

In conclusion, the unique solution to the IVP is y(z) :é 2w —|—%x26’”” - %e*”” —|—%x e".

(d) The characteristic polynomial p(D) = D? —4D — 4 of the associated homogeneous DE has “old” roots 2, 2.

The “new” roots coming from 3e** are 2. Hence, there has to be a particular solution of the form y, = Az%e?®.
To find the value of A, we plug into the DE.

yp=2A(z +2%)e?*, y) =2A(1+ 4z + 227)e*”
Yy — 4yp+4yp = 2A(1 + 4z + 222) — 8BA(z + 2%) + 4Az?)e?* =24 €% = 3¢2%. Consequently, A= %
Hence, the general solution is (cl +cox+ %w2)e2w.

(e) y(z)=2%e**cos(x) is a solution of p(D)y =0 if and only if 24 are three times repeated roots of the charac-

teristic polynomial p(D). Since the order of the DE is 6, there can be no further roots.

The general solution of this DE is y(x) = (¢1 + cox + c3x?)e**cos(z) + (cs + c5x + cgz?)e*sin(x).

(f) y(x)=1-5x%"2%is a solution of p(D)y=0 if and only if —2, —2, —2,0 are roots of the characteristic polynomial
p(D). Hence, the simplest DE is obtained from p(D)= D(D +2)3= D*+6D?+12D?+ 8D.

The corresponding recurrence is y™*) + 63" 4+ 12y” + 8y’ =0.

(g) To kill e*, we apply D — 1 to both sides of the DE y"” + zy = e®.
The result is the homogeneous linear DE ¢ — " + xy’+ (1 — z)y =0.
Comment. If we are comfortable computing with operators, we can apply the relation Dz =xD + 1, to

(D—1)(D*+2)=D?-D?*+ Dz —x=D3—D?+2D+1—2x to reach the same conclusion.

Problem 2.
(a) Write down a (homogeneous linear) recurrence equation satisfied by a,, =3" — 2™.

(b) Write down a (homogeneous linear) recurrence equation satisfied by a,, =n2?3"™ — 2".

Solution.

(a) an,=3"—2"1is a solution of p(N)a, =0 if and only if both 3 and 2 are a root of the characteristic polynomial
p(N). Hence, the simplest recurrence is obtained from p(N)= (N —2)(N —3)=N?—5N +6.

The corresponding recurrence is a2 ="5a,4+1 — 6ay.

(b) a,=mn?3" — 2" is a solution of p(N)a, =0 if and only if 3 (repeated three times) and 2 are a root of the
characteristic polynomial p(IN). Hence, the simplest recurrence is obtained from p(N)= (N —2)(N — 3)3.

The corresponding recurrence is (N —2)(N — 3)3a,, =0.

[Spelled out, this is any4=11an43—45an 42+ 8lan11 — 5day.|
Problem 3. Consider the sequence a,, defined by ay,+2=a,+1+ 6a, and ag=3, a; =—1.
(a) Determine the first few terms of the sequence.
(b) Find a Binet-like formula for a,.

(c) Determine lim 22FL.

n—oo Ap

Armin Straub 2
straub@southalabama.edu



Solution.
(a) aa=17, a3=11

(b) The recursion can be written as p(N)a, =0 where p(N)= N?— N — 6 has roots 3, —2.

Hence, a, = a1 3" 4+ a3 (—2)™ and we only need to figure out the two unknowns «y, as. We can do that using
the two initial conditions: ag= a1+ as =3, a1 =3a1 —2as=—1.

Solving, we find a3 =1 and a3 =2 so that, in conclusion, a, =3"+2-(—2)".

(c) It follows from the Binet-like formula that lim % =3.
n— oo n

Problem 4. Let M:[ é _41 ]

(a) Determine the general solution to a, 1= Ma,,.
(b) Determine a fundamental matrix solution to a,+1 = Ma,,.

(¢) Compute M™.

Solution.

(a) We determine the eigenvectors of M. The characteristic polynomial is:
det(M — \I) :det([ A ]) —(1=A)(=1-X)—24=X2—25=(A—5)(\+5)
Hence, the eigenvalues are A=>5 and A= —5.

e To find an eigenvector v for A =25, we need to solve [ _64 _46 ]v =0.

Hence, v :[ } ] is an eigenvector for A =5.

e To find an eigenvector v for A= —5, we need to solve [ g i }v =0.

-2

Hence, v :[ 3

] is an eigenvector for A = —5.
Hence, the general solution is Cl[ } }5”4— Cz{ ;2 ](—5)".

(b) The corresponding fundamental matrix solution is @n:[ " —2(-5)" }

5" 3(=5)"

(c) Note that @0:[ } _32 ], so that ®;! :%[ _31 f ] It follows that

3 27 _1[3-5742(=5)" 2.57—2(—5)"
=5 3-57—3(=5)" 2.5"+3(—5)"
Problem 5.

(a) Write the differential equation y”’'+ 7y"” — 3y’ 4+ y =0 as a system of (first-order) differential equations.

(b) Consider the following system of initial value problems:

" ! i

y1 =3y1+2y2— 51 / /
0)=1, y1(0)=—2, y2(0)=3, y5(0)=0

yy =yl — yb+ 3y y1(0) y1(0) y2(0) y2(0)

Write it as a first-order initial value problem in the form y’= My, y(0) = yo.
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Solution.

(a) Write y1 =y, y2=y' and y3=y".
yi=1y2
Then, y"' + 7y"” — 3y’ + y =0 translates into the first-order system <{ y=ys .
yh=—y1+3y2 — Tys3
01 0
00 1 }y
-13 -7

(b) Introduce y3=yi and y4 = y5. Then, the given system translates into

In matrix form, this is y’:[

0 01 O 1
, o001 |3
0 31 -1 0

Problem 6. Let M:[ 131 ;2 }

(a) Determine the general solution to y’'= My.
(b) Determine a fundamental matrix solution to y’'= My.
(c) Compute ™=

(d) Solve the initial value problem y’= My with y(0) = [ 711 ]

Solution.

(a) We determine the eigenvectors of M. The characteristic polynomial is:

det(M—/\I):det([ noa 2 }):(11—/\)(4—/\)—1—6:/\2—15/\—1—50:(/\—5)()\—10)

Hence, the eigenvalues are A=>5 and A =10.

e To find an eigenvector v for A=5, we need to solve [ g j }v =0.

Hence, v :[ é ] is an eigenvector for A =5.

e To find an eigenvector v for A =10, we need to solve [ ; :2 ]'v =0.
2

Hence, v :[ 1

] is an eigenvector for A =10.
Hence, the general solution is C’l[ é ]659“ + 02[ f }610””.

(b) The corresponding fundamental matrix solution is ¢ = { e’ 2el0% }

385:1: ellz

[ -
(c) Note that ®(0) = [ ; f }, so that ®(0)~* :3[ 31 31 ] It follows that

3851 elOz g 3 -1 _5 _365m+36101 6851_610m

€5w 26101) ]1[ -1 2 :|_ 1[ _€5$+6€10LE 2€5m_2610w ‘|
-1 5 _3651‘_;’_36101‘ 6651‘ _ 6101 -1 5 _965:1:_;’_4610:1:

(d) The solution to the IVP is y(z) :eMw[ ! ]:i[ —e°7+6el" 2657 — 2¢O ][ 1 ]:l[ —3e5% 4 8el07 ]
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