Notes for Lecture 9 Tue, 9/15/2020

\ Systems of recurrence equations \

Example 55. Write the (second-order) RE a,, 2= ay,+1+ 2a,, with ag=1, a1 =8, as a system
of (first-order) recurrences.

Solution. Write b,, = a4 1.

An+1 :bn

Then, ay,42=an+1+ 2a, translates into the first-order system {bn+1 —2a, + b,

Let an:[ Z" } Then, in matrix form, the RE is a,, 41 :{ (2) 1 }an, with ao:{ é }
n
Comment. Consequently, an:{ g 1 rao:{ (2) 1 r{ é } Solving (systems of) REs is equivalent to computing

powers of matrices!

Example 56. Determine the general solution to a,, 41 :{ g 1 }an.

Solution. In the previous example, we obtained this system from the RE a,, 2= ayn+1 + 2a5,, which we know
(do it!) has solutions a, =2" and a,, = (—1)"™ (which combine to the general solution a,, =C1 - 2"+ C2- (—1)").

Correspondingly, an+1:{ g } ]a,n has solutions an:{ ;H } and an:{ ((7_1)17)111 }

These combine to the general solution a,, = Cl{ 2311 }—1—02{ ((_1)17)1:1 }__{ 23:1 ((—1)17)111 M gl }
- - 2
Ch }

We call fbn:{ 2r o (nn } a fundamental matrix (solution). The general solution is ®,,c with c:[ P
2

gntl (—1)n+t

Observations.

(a) The columns of ®,, are (independent) solutions of the system.
(b) ®,, solves the RE itself: cbnﬂz[ 01 ]cpn.
[Spell this out in this example! That ®,, solves the RE follows from the definition of matrix multiplication.]

01

¢) It follows that @, =| © 1 |"®,. Equivalently, &, =
0 2 1

5 1 }n (See next example!)

Matrix powers M™ can be computed by diagonalizing the matrix M (if you have taken linear
algebra classes, you might have seen this).

We just saw that being able to compute matrix powers is equivalent to solving systems of recurrences. In the
next example, we use this connection to compute some matrix powers.

(a way to compute powers of a matrix M)
Compute a fundamental matrix solution ®,, of a,, 1 = Ma,,.
Then M" =, d; "

Example 57. Compute M™ for M:{ g 1 }

on (=)™

Solution. We already observed that ¢, :{ g1 (L1yntl

} is a fundamental matrix solution ®,, of a,, 41 = Ma,,.

-1
We have @alz{; _11 ] :é[ ; _11 ] Hence,

Mr—d d—Ll— mn (71)" l 1 1 :l 2"+2(71)n 2”*(71)"
n=0 on+1 (71)n+1 31 2 —1 3 2n+1+2(71)n+1 2n+17(71)n+1

Note. M™ is a fundamental matrix solution of a,, 1= Ma,, itself.
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Example 58. Let M:{ 2 __170 }

(a) Determine the general solution to a,,+1= Ma,,.
(b) Determine a fundamental matrix solution to a,,+1 = Ma,,.
(c) Compute M™.

Solution.

(a) Let us look for solutions of the form a,, = vA\"™ (where v = [ Z‘ }) Note that a, 11 =v\" "= \a,,.
2
Plugging into a,, 1 = Ma,, we find vA" 1 = Mv)".
Cancelling A" (just a number!), this simplifies to Av = Mw.

In other words, a,, = v\"™ is a solution if and only if v is a A\-eigenvector of M.

We computed earlier that [ ? } is an eigenvector for A =3, and [ 1 } is an eigenvector for A = —2.

Hence, the general solution is Cl{ i ]3”—1—6’2[ } ](—2)”.

(b) The corresponding fundamental matrix solution is @n:{ 2:'3,?” g:gg: }

[Note that our general solution is precisely @n{ gl }]
2

(c) Note that @0:{ i 1 ] so that <I>O_1 :{ 711 ;1 } It follows that

e i 1 I B i e

To solve a,, 1 = Ma,, determine the eigenvectors of M.
e Each \-eigenvector v provides a solution: a,, = v\"

e If there are enough eigenvectors, these combine to the general solution.

Comment. If there are not enough eigenvectors, then we know what to do as well (at least in principle): instead of
looking only for solutions of the type a,, = v\, we also need to look for solutions of the type a,, = (vn + w)\".
Note that this can only happen if an eigenvalue is a repeated root of the characteristic polynomial.
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Notes for Lecture 10 Tue, 9/22/2020

Example 59. Write a,,4+3 —4ap4+2+ an41+ 6a, =0 as a system of (first-order) recurrences.

Solution. Write b,, = a1 and ¢, = ap 2.

An41= bn
Then, ayp43—4an4+2+ an41+ 6a, =0 translates into the first-order system ¢ b,, 41 =cp,

a cn+1=—6a, — by +4cy,
n 0 1 0
Let @, =| b, |. Then, in matrix form, the RE is @, 4+1 :[ 0o 0 1 }an.
-6 —1 4
Cn,

Review.
e Consequently, a,, = M™ag, where M is the matrix above.

e In general, we can solve a,, 1= Ma,, by finding the eigenvectors of M:

An \-eigenvector v provides the solution a,, = v\".

e Here, because we started with a single (third-order) equation, we can avoid computing eigenvectors:
an=C1-3"+Cqs-2"+ C5-(—1)" is the general solution to the initial RE. (Why?! Do it!)
3™ 2m (=)™
Correspondingly, a fundamental matrix solution of the system is &, =| 3-3™ 2.2" —(—-1)"
9.-3" 4.2 (—-1)"

1 1 1
Note. This tells us that { 3 } is a 3-eigenvector, { 2 } a 2-eigenvector, and { -1 } a —1-eigenvector of M.
9 4 1

e Since ®,,11=M®,, we have &, = M"Pg so that M”:cbncbal, This allows us to compute that:
1 —6-3"+12-2"+6(—1)" —3-3"48-2" —5(—1)" 3-3"—4.2" 4 (—1)"

M"=—5| —18-3" 42427 — 6(—1)"
—54.3" 4 48.2" 4 6(—1)"

(systems of REs) The unique solution to a,,41 = Ma,, ap=cis a, = M"c.

Note that M ™ is the fundamental matrix solution to a,+1= Ma,, with ag=1I (the identity matrix).

\ Systems of differential equations ‘

Example 60. Write the (second-order) differential equation y” =2y’ + y as a system of (first-
order) differential equations.

Solution. Write y; =y and y2 =v’. Then 3" =2y’ + y becomes y4 = 2ys + y1.

r_
Therefore, y'' =2y’ + y translates into the first-order system Y1="Y2 )
yomeyy Y Y2 =11+ 2y2

In matrix form, this is y/:[ (1) ; }y.

Comment. Hence, we care about systems of differential equations, even if we work with just one function.

Example 61. Write the (third-order) differential equation y"”" = 3y” — 2y’ + y as a system of
(first-order) differential equations.

17

Solution. Write y1 =y, yo=1v’ and y3=19"".
Y1 =y2

Then, y/"" =3y’ — 2y’ + y translates into the first-order system < 75 = y3 .

yt=y1 — 2y2+ 3y3

o 1 0
In matrix form, thisis y’=| 0 o 1 |y.
1 -2 3
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Example 62. Consider the following system of (second-order) initial value problems:

Yl =2y — 3y5+ Tyo

0)=2, y1(0) =3, y2(0)=—1, y3(0)=1
vl = 4y’ + b — 5y y1(0) y1(0) y2(0) y2(0)

Write it as a first-order initial value problem in the form y’= My, y(0) = yj.

Solution. Introduce y3 =y and y4 = y5. Then, the given system translates into
[ 0 0 2
0 1
0

01
00 1

y'= 792 3 |V ¥O=| 5 |
504 1 1

(systems of DEs) The unique solution to y'= My, y(0)=c is y(z) = eM*c.

Here, eM=

is the fundamental matrix solution to y’ = My, y(0) = I (with I the identity matrix).

Important. We are defining the matrix exponential e™* as the solution to an IVP. This is equivalent to how
one can define the ordinary exponential ¢ as the solution to y' =1y, y(0) =1.

[In a little bit, we will also discuss how to think about the matrix exponential eM® using power series. ]

(a way to compute the matrix exponential e™?)
Compute a fundamental matrix solution ®(z) of y'= My.

Then M2 =@ (2)®(0)~ L.

Compare this to our method of computing matrix powers M ™.

Proof. If ®(x) is a fundamental matrix solution, then so is U(z) = ®(z)C for any constant matrix C'. (Why?!)
Therefore, U(x) = ®(z)®(0) ! is a fundamental matrix solution with W (0) = ®(0)®(0) ! =1I.

But e is defined to be the unique such solution, so that ¥ (z) =M=,

Observe how the next example proceeds along the same lines as Example 58.

Example 63. Let M:{ i __170 }

(a) Determine the general solution to y’'= My.
(b) Determine a fundamental matrix solution to y’' = My.
(c) Compute M.

Solution.

(a) Let us look for solutions of the form y(z)= veT (where c:[ Z; }) Note that ¢/ = Ave’® = \y.
Plugging into y’ = My we find Ay = My.

Az

In other words, y(z) =wve*" is a solution if and only if v is a A-eigenvector of M.

We computed earlier that [ f } is an eigenvector for A =3, and [ 1 } is an eigenvector for A\ = —2.

Hence, the general solution is Cl{ ? }63:5 + Cg[ 1 }67255.

(b) The corresponding fundamental matrix solution is ® =| 2 e }

e3w e—2T

[Note that our general solution is precisely @[ gl }]
2

(c) Note that ®(0) = [ 1 ] so that ®(0) ' = [ _11 _21 } It follows that

1

. p3T —2x _ L p3T =2 _ 9, 3¢ —2x
eMw:q>(:c><1>(o>1:[2@ ¢ M ! 1}:[26 e 2 —2.e342e

eBm 67293 631_67293 _631_1_26729:
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Notes for Lecture 11 Thu, 9/24/2020

Example 64. Let p(D)= D"+ ¢, _1D™ '+ ...+ c1D + co. Write the DE p(D)y =0 as a
system of (first-order) differential equations.

Solution. Write yj, = Dky for k=0,1,....,m —1.
vo=11
Then, p(D)y =0 translates into the first-order system ?{1 = Y2
Y —1=—Cm—1Ym —1— --- — C1Y1 — COY0
{ 0 1 0 - 0 ]
0 o 1 - 0
In matrix form, this is y’' = : : A : Y.
0 0 0 - 1
_CO _Cl eee e _Cmfl

Comment. This is called the companion matrix of the polynomial p(D). Can you see why the characteristic
polynomial of the matrix must be (up to possibly a sign) equal to p(D)?

As expected, this works exactly the same way for recurrence equations:

Example 65. (extra) Let p(N)=N"+c,, _1N™ 1 +...4+¢1N +co. Write the RE p(N)a,, =0
as a system of (first-order) recurrences.

Solution. Write aglk) = Nka, = ap4k for k=0,1,...,m —1.
o) _ (1)
an—i—l =a,
PACORRPNCY
Then, p(N)a, =0 translates into the first-order system ¢ »+1 7~ "n

agizl) = —cmflaglm*l) — clag) — coaglo)
HO) { 0 1 0 - 0 ]
n
(1) 0 o 1 - 0
Let a,, = an . Then, in matrix form, the RE is: a,, 1 = Ma,, with M = : : Do :
: 0 o 0 - 1
(m—1)
an 700 7C1 cee  eee 7Cm—1

To solve y’ = My, determine the eigenvectors of M.

e Each \-eigenvector v provides a solution: y(z) = ve**

e If there are enough eigenvectors, these combine to the general solution.

Comment. If there are not enough eigenvectors, then we know what to do as well (at least in principle):
instead of looking only for solutions of the type y(z) = ve*®, we also need to look for solutions of the type

y(z) = (vr + w)e*®. Note that this can only happen if an eigenvalue is a repeated root of the characteristic
polynomial.

Example 66. Let M:{ j i }
(a) Determine the general solution to y’'= My.
(b) Determine a fundamental matrix solution to ¥y’ = My.
(c) Compute eM*,

(d) Solve the initial value problem y’= My with y(0) :[ 1 }
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Solution.

(a) We determine the eigenvectors of M. The characteristic polynomial is:

det(M—AI):det([ Sl 6 D:(—l—)\)(4—>\)—|—6:>\2—3>\+2:(A—1)(>\—2)

Hence, the eigenvalues are A=1 and A =2.
e To find an eigenvector v for A =1, we need to solve [ :? g }’U =0.

Hence, v = [ :13

} is an eigenvector for A=1.

e To find an eigenvector v for A =2, we need to solve [ ::13 g }'U:O.

Hence, v = [ ?

} is an eigenvector for A =2.

Hence, the general solution is Cl{ :13 }ex +C2{ f }ezx.

x 2x
(b) The corresponding fundamental matrix solution is ® :{ 3; 2:21 }

(c) Note that ®(0) :{ i’ i ] so that ®(0) ! :{ fl ;2 } It follows that

x 2x _ x 2x __pox 2x
eszq)(x)CI)(O)_1:|:36 % M 1 2}:{363 22 _Ge” + Be }

e® 6230 -1 3 et — 6230 —2e® + 36230

: : _  Maz[ 1] _| 3e” —2e>* —6e”+6e> |[ 1] _| —3e” 4 4e?*
(d) The solution to the IVP is y(z)=e [ L }—{ oot _gueygeae M 1 }—{ AP }

Note. If we hadn'’t already computed e?#, we would use the general solution and solve for the appropriate
values of (1 and C5. Do it that way as well!

Theorem 67. Let M be n x n. Then the matrix exponential satisfies

eM:I-I—M-l—%MQ-I—%M?’-I—...

Proof. Define ®(x)=1+ Mz + %M%Q + %M‘Q’x?’ + ...

d 1 1

/ _ 2,.2 3,3

d'(x) =4 I+Mw+—2!M x —|——3!M x®+ ...
_—O+M+M2m+%M3x2+..._—M<I>(m).

Clearly, ®(0) = I. Therefore, ®(x) is the fundamental matrix solution to y' = My, y(0) =1.

Mz Mz 0

But that's precisely how we defined e''* earlier. It follows that ®(z) =e

(exponential function) e® is the unique solution to ' =y, y(0) =1.

From here, it follows that e* =1 -I—x-l—‘;—?-l—z—?-l—

The latter is the Taylor series for ¢” at x =0 that we have seen in Calculus II.

Important note. We can actually construct this infinite sum directly from y’ =1y and y(0) =1.

Indeed, observe how each term, when differentiated, produces the term before it. For instance, %2_7 :z—?.
100
Example 68. If A:[ g (5) } then Aloo:[ 20 51000 }
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Example 69. IfA:[g g},then eA:[(l) H—l—[g g}—l—%[f ;)2}4_“‘:[@2 0 }

Clearly, this works to obtain e” for any diagonal matrix D.

: _|2x O Az _ | 1 0 2z 0 11 @22 o | e*® o
In partlcular,forAx—[ o Sx},e _[0 1}-|—[ o Sx}—l—m{ o (5x)2:|+ —{ 51}.

Example 70. Let M:[ _81 i }

(a) Determine the general solution to y’'= My.
(b) Determine a fundamental matrix solution to y’' = My.
(c) Compute M.

(d) Solve the initial value problem y’= My with y(0) :[ (1) }

Solution.

(a) We determine the eigenvectors of M. The characteristic polynomial is:
det(M — A1) :det({ s-x 1 }):(8—)\)(4— A)+4=X2— 12X+ 36= (A —6)(\ —6)

Hence, the eigenvalues are A =6, 6 (meaning that 6 has multiplicity 2).

e To find eigenvectors v for A =6, we need to solve [ _21 _42 }'v =0.

Hence, v :{ _12 } is an eigenvector for A =6. There is no independent second eigenvector.

e We therefore search for a solution of the form y(z) = (vx + w)e*® with A =6.
!
y'(z) = vz 4+ Aw + v)er® = My = (Mvz + Mw)e'®
Equating coefficients of x, we need \v = Mv and Aw + v = Mw.

Hence, v must be an eigenvector (which we already computed); we choose v :{ 712 }
[Note that any multiple of y(z) will be another solution, so it doesn't matter which multiple of { _12 } we choose.]
Aw 4+ v = Mw or (M — \)w = v then becomes [ _21 _42 }w:{ _12 }

One solution is w :|: Bl } [We only need one.]

Hence, the general solution is Cl{ 712 }661 + Cg([ 712 x —&—{ Bl Deﬁz.

(b) The corresponding fundamental matrix solution is ® = —2e% —(2z + 1)e®” |
eG.L xeGJ,

(c) Note that ®(0) :{ 2 ] so that @(0)*1:[ oy ] It follows that

Mo 1| —2e57 —(2z +1)eb 0o 1 |_
eMe = @ (2)@(0) —[ RS e Y b

(2 + 1)eb® 4 €57
—xef (2 —1)eb

—zeb® —(2z — 1) &% —zeb®

(d) The solution to the IVP is y(z) = eM”?{ (1) } = { (2x + 1)e’” 4z b M (1) } :{ (2x +1)ef” }

Armin Straub 23
straub@southalabama.edu



