Sketch of Lecture 16 Tue, 02/18,/2014

Review. solving nonhomogeneous linear DEs with constant coefficients &

Example 70. Find a particular solution of y” + 4y’ + 4y = Te™ 2.

Solution. Again, L=D?+4D +4=(D+2)2

“Old” roots —2, —2. “New” roots —2. Hence, there has to be a particular solution of the form y, = Cz2e~2%.
To find the value of C, we need to plug into the DE.

yp=C(—22? + 2x)e 2"
yp =C(42? — 8z + 2)e 27
!
yp + 4y, +4y,=2Ce 2T ="Te 2% C=7/2.

Hence, yp:%w2672””. (Last time, we didn’t finish the computation.) &

Example 71. Find a particular solution of 3" + 4y’ + 4y =x cos (x).

Solution. “0ld” roots —2, —2. “New” roots =i, +i. Hence, there has to be a particular solution of the form
yp = (C1+ Cax)cos(x) + (C3+ Cyx)sin(x). To find the value of the Cy’s, we need to plug into the DE.

yp=(C2+ C3+ Cyz)cos(x) + (Cy — C1 — Cox)sin(x)

yp = (204 — Cy — Cax)cos(x) 4+ (—2C3 — C3 — Cyx)sin(z)

yp +4yp +4yp = (3C1 + 4C2 + 4C3 + 2C4 + (3C2 + 4C4)x)cos(x)
4+ (—4C1 —2C2+ 3C3+4C4 + (—4C2 + 3Cy)x)sin(x) = x cos ().

Equating the coefficients of cos (z), x cos (z), sin (), xsin (z), we get the equations 3C1 +4Co+ 4C3+2C, =0,
3C+4Cy=1, —4C, —2C2+3C3+4C4=0, —4Co+3C4=0.

. 4 3 22 4
Solvmg, we find C1 = —T35° Co= 75 C3= T35 C4:g [Make sure you know how to do this tedious step.]
4 3 22 4 .
Hence, yp= (—m —}—%w)cos(w) + (—m + %x)sm(x). %

Example 72. Find a particular solution of y” + 4y’ + 4y = 5e~2* — 3z cos (z).

Solution. Instead of starting all over, recall that we already found y, in Example[70/such that Ly, =7e™2%.
Also, from Example 71 we have y, such that Ly, =z cos (x).

By linearity, it follows that L(gyA — 3y0) = gLyA — 3Ly, =5e" 2% — 3z cos (x).

5 5 0 _ 4 3 22 | 4 .
Hence, yp=+ya —3yo = 5:1226 2z _ 3{(—m + Em)cos(m) + (—m + g&?)Sln(aZ)}. &

Example 73. Find a particular solution of 3" + 4y’ + 4y = 4e3%sin(2x) — x sin (z).

Solution. “Old” roots —2, —2. “New” roots 3 + 2i, 4, +i.

Hence, there has to be a particular solution of the form

yp = C1e3%cos(2z) + C2e3%sin(2x) + (C3 + Cyx)cos(z) + (Cs + Cox)sin(z).

To find the values of C1, ..., Cg, we plug into the DE. But this final step is so boring that we stop here.

Computers (currently?) cannot afford to be as selective; mine obediently calculated:

Yp = —8%63"”(20003(29:) —21sin(2z)) + % (=22 +20z)cos(z) + (4 — 15z)sin(x)) &
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