Notes for Lecture 22 Fri, 10/20/2023

Example 90. Consider the DE 3/ 4 4y’ + 4y = 2e3% — 5e 27,
(a) What is the simplest form (with undetermined coefficients) of a particular solution?
(b) Determine a particular solution using our results from Examples 88 and 89.
(c) Determine the general solution.
Solution.

(a) The “old” roots are —2, —2. The "“new’ roots are 3, —2. Hence, there has to be a particular solution of
the form y, = Ae3* + Bx2e 27,

To find the (unique) values of A and B, we can plug into the DE. Alternatively, we can break the problem
into two pieces as illustrated in the next part.

(b) Write the DE as Ly =23 — 5¢ 2% where L = D?+ 4D + 4. In Example 88 we found that y; = %e%

satisfies L1y = e3?. Also, in Example 89 we found that ys = nge_% satisfies Ly =Te 27,

By linearity, it follows that L(Ay; + Bys) = ALy; + BLys = Ae3® + TBe 2%,
To get a particular solution ¥, of our DE, we need A=2 and 7B = —5.
2 3z 5.2 72m'

5
Hence, yp:2y1—7y2:%e —5ze

Comment. Of course, if we hadn't previously solved Examples 88 and 89, we could have plugged the result
from the first part into the DE to determine the coefficients A and B. On the other hand, breaking the
inhomogeneous part (2e3* — 5e ~2%) up into pieces (here, 3% and e ~2%) can help keep things organized,
especially when working by hand.

Lo 2 -
(c) The general solution is - e3% — g:ch 2T 4 (Cy + Cax)e?®.

Example 91. Consider the DE y”" — 2y’ + y = 5sin(3x).
(a) What is the simplest form (with undetermined coefficients) of a particular solution?
(b) Determine a particular solution.
(c) Determine the general solution.
Solution.

(a) Since D? — 2D + 1= (D — 1)?, the “old” roots are 1, 1. The “new” roots are +3i. Hence, there has to
be a particular solution of the form y, = A cos(3z) + B sin(3x).

(b) To find the values of A and B, we plug into the DE.
yp, = —3Asin(3z) + 3B cos(3z)
yy = —9A cos(3z) — 9B sin(3x)
Yy — 2yp+ yp = (—8A — 6B)cos(3z) + (6A — 8B)sin(3z) = 5sin(3x)
Equating the coefficients of cos(x), sin(z), we obtain the two equations —84 —6B =0 and 6A — 8B =5.
3 2

Solving these, we find A= %, B= —%. Accordingly, a particular solution is y, = 15 cos(3z) — Zsin(3z).

(c) The general solution is y(x) = % cos(3x) — %sin(Sx) + (C1+ Caox)e”.
Example 92. Consider the DE 4" — 2y’ + y = 5e*%sin(3z) + 7Txe®. What is the simplest form
(with undetermined coefficients) of a particular solution?

Solution. Since D2 —2D +1= (D — 1)2, the “old” roots are 1,1. The “new’ roots are 2+ 3¢, 1, 1. Hence, there

has to be a particular solution of the form y, = Ae*%cos(3z) + Be?*sin(3z) + Cxe® + Dx3e®.

(We can then plug into the DE to determine the (unique) values of the coefficients A, B, C', D.)
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Example 93. (homework) What is the shape of a particular solution of y”+4y'+4y=xcos(z)?

Solution. The “old” roots are —2, —2. The “new" roots are +i, +i. Hence, there has to be a particular solution

of the form y, = (C1 + Cax)cos(x) + (Cs+ Cax)sin(x).

Continuing to find a particular solution. To find the value of the C;'s, we plug into the DE.
yp = (Co+ C3+ Cyx)cos(x) + (Cy — C — Cox)sin(x)
yp = (2C4 — C1 — Cax)cos(x) + (—2C2 — C3 — Cyx)sin(x)
yp +4yp+4yp = (3C1 +4C2 4+ 4C3 + 2C4 + (3C2 + 4Cy)x)cos(x)
+ (—4C1 — 2024 3C3+4Cy + (—4C2 + 3C4)x)sin(x) L cos(x).

Equating the coefficients of cos(x), « cos(z), sin(z), sin(x), we get the equations 3C" +4C2 + 4C5+2C41 =0,
3Co+4Cy=1, —4C1 —2C2+3C3+4C4 =0, —4C2+ 3C4=0.

Solving (this is tedious!), we find C1 = —%, Co :%, Cy= f%, 042%.

Hence, y, = (—% + i:Jc)cos(as) + ( 22 4 %x)sin(x).

25 T 125

Example 94. (homework) What is the shape of a particular solution of y” + 4y’ + 4y =
4e3%sin(2x) — x sin(z).

Solution. The “old"” roots are —2, —2. The “new" roots are 3 4 27, &7, 4.
Hence, there has to be a particular solution of the form
yp = C1e3%cos(2z) + Cae3%sin(2z) 4 (C3 + Cazx)cos(z) + (Cs + Cez)sin(z).

Continuing to find a particular solution. To find the values of C1, ..., (s, we plug into the DE. But this final
step is so boring that we don't go through it here. Computers (currently?) cannot afford to be as selective; mine

obediently calculated: y, = —8%631’(20005(290) — 21sin(2x)) + %((—22 + 20z)cos(x) + (4 — 15z)sin(zx))

\ A more general method for finding particular solutions: variation of parameters \

The method of undetermined coefficients allows us to solve an inhomogeneous linear DE Ly =
f(x) for certain functions f(x). The next method has no restriction on the functions f(x) we
can handle. The price to pay for this is that the method is usually more laborious.

Review. To find the general solution of an inhomogeneous linear DE Ly = f(x), we only need to find a single
particular solution y,,. Then the general solution is ¥y, 4 Yy, where y;, is the general solution of Ly =0.

Theorem 95. (variation of parameters) A particular solution to the inhomogeneous second-
order linear DE Ly =y" + Pi(x)y’ + Po(x)y = f(x) is given by:

yp = ur(z)y1(x) + uz(z)ya(), ul(w)z—/%dx, ug(a;):/—yl(v?(gx) dz,

where 1, 12 are independent solutions of Ly =0 and W = y1y5 — y] 2 is their Wronskian.

Comment. We obtain the general solution if we consider all possible constants of integration in the formula for ,,.
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Proof. Let us look for a particular solution of the form y, =u1(z) y1(x) + ua(x) ya(x).
This “ansatz” is called variation of constants/parameters. We plug into the DE to determine conditions on
u1, ug so that y, is a solution. The DE will give us one condition and (since there are two unknowns), it is
reasonable to expect that we can impose a second condition (labelled below as “our wish”) to make our life simpler.
We compute y{? = wjy1 + uhys + w1yl + uoyh and, thus, yll,’ = wiy] +ubys +uryl +u2yd.
:()Trwish)
[“Our wish” was chosen so that 91/9/ would only involve first derivatives of w1 and wuo.]

Therefore, plugging into the DE results in

!
Lyp= iyl +ubys +uiyt +uoys + Pi(x)(u1yl + uays) + Po(x)(u1yr +uay2) = f(x).
=u1Lyi+u2Ly>=0

We conclude that y,, solves the DE if the following two conditions (the first is “our wish™) are satisfied:

/ !/
uiyr +ugy2 = 0,
/! !, !
uiyr +uzys = f(x).
These are linear equations in u{ and u5. Solving gives u} :% and uj :%, and it only remains
. 192 7 Y1 92 192 7 Y1 92
to integrate. O

Comment. In matrix-vector form, the equations are [ g1 Y2 H “1 }:{ 0 }
Y2 Uz f(z)

Our solution then follows from multiplying [ Y Y2 }71 :%{ vz —v } with [ 0 }

Yi Y2 YiY2 — Y1 Y2 —Y1 Y1 f(z)
Advanced comment. W = y1y5 — y] yo is called the Wronskian of y; and y2. In general, given a linear
homogeneous DE of order n with solutions y1, ..., y,, the Wronskian of y1, ..., ¥, is the determinant of the
matrix where each column consists of the derivatives of one of the y;. One useful property of the Wronskian is
that it is nonzero if and only if the y1, ..., y, are linearly independent and therefore generate the general solution.

T

Example 96. Determine the general solution of " — 2y’ + y:%.

T

Solution. This DE is of the form Ly = f(z) with L=D?—2D +1 and f(z) ="
Since L=(D — 1)2, the homogeneous DE has the two solutions y; =€e”, ya =xe”.
The corresponding Wronskian is W = 3195 — y{ y2 = e®(1 + z)e® — e®(ze®) = 7.

By variation of parameters (Theorem 95), we find that a particular solution is

— oy Y2 Y e oo ) R _
Yp = yl/Wd:c—l—yg/Wd:c— e/ldm+:ce /mdm—:ce (In|z| —1).

The general solution therefore is ze®(In|z| — 1) + (C1 + Caz)e™.

If we prefer, a simplified particular solution is ze” In|x| (because we can add any multiple of ze” to y;,). Then
the general solution takes the simplified form xe® In|z| + (C + Cax)e®.

Comment. Adding constants of integration in the formula for y,, we get —e®(z + D1) + ze®(In|z| + D2),
which is the general solution. Any choice of constants suffices to give us a particular solution.

Important comment. Note that we cannot use the method of undetermined coefficients here because the
inhomogeneous term f(z) = % is not of the appropriate form. See the next example for a case where both
methods can be applied.
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Example 97. (homework) Determine the general solution of y” + 4y’ + 4y = e3*.
(a) Using the method of undetermined coefficients.
(b) Using variation of constants.

Solution.

(a) We already did this in Example 88: The “old” roots are —2, —2. The “new” roots are 3. Hence, there has
to be a particular solution of the form y,, = Ce3®. To find the value of C, we plug into the DE.

!
yy + 4y, +4yp=(9+4-3+4)Ce3” =37, Hence, C =1/25.
Therefore, the general solution is y(z) = % e3% + (C1 + Cax)e 27,

(b) This DE is of the form Ly = f(x) with L =D? +4D +4 and f(z)=e3*.

Since L= (D + 2)2, the homogeneous DE has the two solutions y; = e 2% Yo = re 2T,

The corresponding Wronskian is W = 4155 — y{ y2 = e~ 2%(1 — 2z)e 2% — (—2e 2%)ze 2% =47,

By variation of parameters (Theorem 95), we find that a particular solution is

yaf y1f
Yp = *yl/—W dwﬂ/z/—w dx
= —e 2 zeP®dr 4+ xe 2% [ 5%dr = i(33”’3.
25
:é:ﬁe"“’—%e&” :%651:

The general solution therefore is %e‘% + (C1 + Caz)e™2%, which matches what we got before.

Example 98. (homework) Determine the general solution of " + 4y’ + 4y =Te 2.
(a) Using the method of undetermined coefficients.
(b) Using variation of constants.

Solution.

(a) We already did this in Example 89: The “old” roots are —2, —2. The “new’ roots are —2. Hence, there
has to be a particular solution of the form y, = Cxz2e~ 2% To find the value of C, we plug into the DE.

yp=C(—2x? 4 2z)e 2"

y]'D' = C’(4ac2 —8x + 2)6_230

y;’+4y];+4yp:2C672”3;76721’

It follows that C'=7/2, so that yp:g:c%*%. The general solution is y(z) = (Cl + C’zac+%x2)ef2z.

(b) This DE is of the form Ly = f(z) with L= D?+4D +4 and f(x)=Te 2%

Since L= (D + 2)2, the homogeneous DE has the two solutions y1 = e~ 2%, yp =z e 2%,

The corresponding Wronskian is W = 3195 — yf y2 = e 2%(1 — 2z)e 2% — (—2e2%)ge 2% =42,

By variation of parameters (Theorem 95), we find that a particular solution is

yaf y1f
Yp = _yl/de‘i‘yQ/Wdl’

= —e_2$/7xdx+xe_zx/7dx = ;xQe_M.

P
_7..2 =7x
=5

The general solution therefore is %x%_% +(C1+ Cgac)e_%, which matches what we got before.
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