Mi d term #1 MATH 227 — Calculus III

Friday, Feb 19
Please print your name:
Problem 1. What is the distance between the points A= (2,0,1) and B=(1,-1,1)?
— -1
Solution. The distance is HABH = ||{ -1 ] | =4/2. O
0
1 3
Problem 2. Consider the vectors v=| 2 |, w=| 1 |. Determine the following:
-2 2
(a) lv| =
(b) vow=
(c) vXw=
(the projection of w onto w)
(d) projyw=
x 2—-t
Problem 3. Set up an integral (but do not evaluate) for the length of the curve | y | = [ 1+t? | with ¢t €10, 1].
ek

Solution. The length of the curve is

/01 \/<%>2+<%)2+<%>2dt:/01 \/(—1)24—(2t)2+(363t)2dt:/01 VIT 495 dt, 0
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Problem 4. Consider the triangle with vertices P=(1,1,0), @ =(3,1,1) and R=(2,4,1).
(a) Find the area of the triangle with vertices P, @ and R.

(b) Find an equation for the plane through the points P, @ and R.

Solution.

— 2 —> 1
(a) Let v=PQ —{ 0 ] and w= PR —[ 3 } be two sides of our triangle (you can pick other sides, no problem!).
1 1

Then, borrowing from what we learned in class, the area of the triangle is

2 1 0—3 -3
Lioxwl=X| o [x| 3 |[|=| 122 || =%|| =1 :l\/9+1+36:@.
2 2| ; | 2|l 6 0 2|| & 2 2

— 2 — 1]
(b) The vectors v= PQ —[ 0 } and w= PR —{ 3 | are parallel to the desired plane.
1 1]

-3
Hence, we find a normal vector for the plane as n=v x w —[ -1 }
6

At this point, we know that the plane can be described by an equation of the form 3x + y — 6z = d, and it
remains to find the value d.

Since the point P =(1,1,0) is on the plane, we have 3-14+1—6-0=4d, that is, d=4.

In conclusion, our plane is described by the equation 3x + y — 62z =4. O
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e
Problem 5. Find (a parametrization of) the tangent line to the curve P(t) = { sin (2t) J at t=0.

t+2

1 et? 0
Solution. The tangent line goes through P(0) = { 0 ] and has direction P’(0) :[ 2c2cfs(2t) J Z{ 2 ]
2 1 =0 1

1 0 1
Hence, it is parametrized by [ Zj }—[ 0 ]—i—t{ 2 }—{ 2t } O
z 2 1 241

Problem 6. Consider the plane described by = — 2y +2z=4.

(a) A normal vector for our plane is n =

(b) Find an equation for the plane through the point (1,2,3) which is parallel to our plane.

(c¢) Determine the distance between the point (1,2,3) and our plane.
Solution.

1
(a) A normal vector for our plane is n _[ —2 }
2

(b) Such a plane can be described by an equation of the form x — 2y + 2z =4d. To find the value d, we use the fact that
the point P=(1,2,3) is on the plane: 1 —2-2+2-3=d, and so, d=3. Our plane is described by © — 2y +2z=3.

BA m
(c) Recall that the distance between a point A and the plane through B with normal n is d= ’ ‘

(el

0 1
For the distance between A=(1,2,3) and our plane, for which we can choose B _[ 0 } and n _[ -2 } we get
2 2

1 1
>A 2 || -2
d:’BA'" _ {1] [ 2 } _1-442] 1
]l

’ CV1+4+4 3

O
Problem 7. (Bonus!) What kind of object is that? Do you know its name?
Solution. This is a fractal. This particular one is known as Koch’s snowflake. O
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