Sketch of Lecture 26 Wed, 3/2/2016

- ith « = df_dfdz
Review. In the case f(x) with x =x(t), we have o

ith 2 — . df _ofdr | Ofdy
In the case f(x,y) with z=x(t), y=y(t), we have il i 9yt

Example 88. Let w= % —% and z =13, y=sin (2t), z=1+t. Find %J in two ways:
(a) by expressing w in terms of ¢ and differentiating directly,
(b) by using the chain rule.

Solution.

dw d t3 sin (2t) | _ 3t%sin(2t) — 2t3cos(2t)  2cos(2t)(1 +t) — sin (2t)
(a)E_E[sm(zt) T 14t ]_ sin? (2t) - (1+1)2
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Depending on our objective, we can now substitute =, y, z with their expressions in t:
dw 3t2 t3 1 sin (2t)

—_—= - 2 2t

dt  sin (20) (sin2 @ T1F t) cos(2t) + 4y

Check that this matches, of course, exactly what we computed before!

(Chain rule, Part 1) In the situation f(x,y) with z=x(s,t), y=1y(s,t), we have, for short,

g_8f8x+8f8y and 8_f_8f8x+8f8y
0s 0Oxr0Os Oyos’ o 0xrot Ooyot’

Example 89. Let w=In(x + y?) and z=st, y=se’. Find ?3—1: and ?3—1: in two ways:

(a) by expressing w in terms of s, ¢ and differentiating directly,
(b) by using the chain rule.

Solution.
(a) w=In (st + s2e??)
ow _ t+2se?
ds ~ st s2e?t
dw _ s+ 252 2t
Ot~ st -+ s2e?t
_ Owox | Owoy _ 1 2y t

ow

(b)g_amas ayas_z+y2.t+z+y2.e
ow __Owdx | dwoy 1 2y ot
ot~ ox 8t+8y8t_ac+y2 S+x+y2 se

Again, substitute = = st, y = se’ in these expressions and check that we get the same as before.

Remark 90. Observe that, in the situation f(x,y) with x =x(s,t), y=1y(s,t), the chain rule
can be written (using a dot products) as

g ox of %
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9y Os Ay ot
(R (I
gradient of f gradient of f

We will denote the gradient of f by V f.

This makes the general version of the chain rule particularly natural, and will be very important to us in
understanding geometric questions.
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