Sketch of Lecture 24 Fri, 2/26/2016

Example 81. Calculate f,, f, and f.,, for f(z,y)=sin(2*+y).

Solution. f, =2z cos(z2+y), fy=cos(z?+y).
Since the order doesn’t matter, we choose to take the y derivatives first and compute f,,, = f;,, instead
(it is ever so slightly easier here): f,, = —sin(z?+y), fyys=—2xcos (2% +y) = fryy-
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Example 82. Show that f(x,y)=e ?"sin (2y) is a solution to the equation % + g—yJ; =0.
[This is the two-dimensional Laplace equation, a famous example of a partial differential equation.]

Solution. f, =—2e?%sin(2y), foz=4e ?%sin(2y), fy =2e"2%cos(2y), fyy=—4e 2%sin(2y).
Hence, clearly, foo+ fyy= 46*2Isin(2y) - 4e*2msin(2y) =0.

Calculus I. The best linear approximation to f(z) at xg is

f(x)= f(x0) + f'(20)(z — 70)

(provided that f is differentiable at zp). The right-hand side is the linearization of f(z).

Comment. In Calculus Il, you have learned to construct better and better approximations. For instance,
the best quadratic approximation is f(zo) + f'(zo)(z — xo) + @(m — 20)? and the best cubic one is
f(xo)+ f'(zo)(z —x0) + @(x —z0)? + W(w —x0)3. Continuing this process indefinitely leads to to
the Taylor series of f(z) at xo. .

The linearization of f(z,y) at (xo, yo) is

L(z,y) = f(wo,y0) + fz(T0, Yo) (x — w0) + fy(0, Y0) (¥ — yo)-

We will soon say that f(z, y) is differentiable at (zg, yo) if and only if this linearization is a “good”
approximation around (z, yo)-

Example 83. Find the linearization of f(z,y)=2%y? at (2,1).

Solution. f,=3z%y? and f, =2z3y. In particular, f;(2,1) =12 and f,(2,1)=16. Also, f(2,1)=38.
Hence, the linearization of f(x,y)=23y? at (2,1) is L(z,y) =8 + 12(x — 2) + 16(y — 1).

Comment. The graph of the linearization is the surface defined by z=8 4 12(x —2) 4+ 16(y — 1). We recognize
that this equation describes a plane! (You can rewrite it as 12z + 16y — z = —32.) This plane is tangent to
the graph of f(z,y)=x3y? at (2,1).

[Just like the linearization at x( of a single-variable function f(x) is a line tangent to the graph of f(z) at x¢.]

Example 84. Find the equation for the plane tangent to the graph of f(z,y)=2%y? at (2,1).

Solution. As explained by the comment above, this tangent plane is z = 8 + 12(x — 2) 4+ 16(y — 1) (or,
simplified, 12z + 16y — z = —32).
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