Preparing for the Final

Please print your name:

MATH 227 — Calculus III

Monday, May 2

Problem 1. Redo all practice problems for Midterm 1 and Midterm 2!

(The problems below will only cover the new material.)
Problem 2. Go through all the quizzes!

zsin (zy? — 2
Problem 3. Consider the vector field F :{ In (3(0211_22) ) }

xrzy

(a) Compute div F.

(b) Compute curl F.

(c) Which of the expressions divcurl F, divdiv F, curldiv F, curl curl F' are nonsense? Compute those that make
sense. [Computational! Save second part for last.]

(d) Express the divergence and curl of a vector field G using the operator V.

Solution.

(a) div F = (sin (zy? — 2) + wcos (zy* — 2)y?) + 0 + xy =sin (zy? — 2) + w cos (zy* — 2)y* + 2y

a9 zsin (zy? — 2 |V mzfzifzz —| |V zerzzjz —|
(b) CuI‘lF—|: gégy :| X { In (izyjzz) ) }—\‘ —x cos (zy;f z)272y J—\‘ —x cos (zy;f z)272y

9/0z T2y 22 _ zcos(zy?— z)2yw 22— 222y cos (zy? — z)

12 22 22 22

(c¢) divdiv F' and curldiv F' are nonsense. (Why?)

divcurl F =0 (this always the case; can you show why?)

/0 I wit |
CurlcurlF—{ 0/dy :| X \‘ —zcos (zy? —2) — zy J

9/0z 2x

—— 5~ 222y cos (vy? — 2)

—2z2 cos (zy? — z) + 4z3y?sin (zy? — 2) + zsin (zy? — 2) +y

22 22 2 22— 22) _ 4p2
= z+2(t 24427 2 27) —dw +4zycos(my22)2m2y35in(xy22)J

(22— 22)2 (22— 22)2
—cos (zy? — 2) + zy?sin (zy? — 2)

—2x2cos (zy? — 2) + 4x3y?sin (vy? — 2) + xsin (zy? — 2) + y -|
12 Z2

= w+4( + )+4mycos(my2—z)—212y3sin(wy2—z) J

(22— 22)2
—cos (zy? — 2) + xy?sin (zy? — 2)

(d) divG=V -G and curl G=V x G.

Problem 4. Let C be the positively oriented boundary of the region defined by 22 + y? < 4, x + y < 2. Spell out

(i.e. express as ordinary integrals) the following line integrals:
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) fc £, w)ds, (©) fc £ y)dy,
) ]{Cf(x,y)d% (d) ch-dr, with F:[éé;g”

Solution. Sketch the region! The boundary breaks into two natural pieces: the line segment from (2,0) to (0,2), and
the three quarters of the circle with radius 2 around the origin from (0, 2) back to (2,0). We parametrize these pieces as

. [ﬂ:[ﬁt} from t =0 to t =2,

. {Z}:{gg’;g; ], from t=m/2 to t=2m.

f flx,y ds_/ f(2—t, t AV (=1)24+12dt + e f(2cos( ), 2sin(t)) - v/ (—2sin(t))? 4 (2cos(t))2dt

_\/’/ fe-toatf " F(2c0s(t), 2sin(t))dt

2 2m
b) ]{C f(ac,y)dxz/o —f(2—t,t)dt+//2 —2sin(¢) f(2cos(t), 2sin(t))dt

) féf(x,y)dy:/o f(2—t,t)dt—|—L/2 2cos(t) f(2cos(t), 2sin(t))dt

fF d'r—/ f(z,y)dz+ g(z, y)dy
_/ [—f(2—t,t)+g(2—t,t)]dt +/ " [—2sin(t) f (2cos(t), 2sin(t)) + 2cos(t) g(2cos(t), 2sin(t))]dt d

0 /2
Problem 5. Let C be the positively oriented boundary of the quadrilateral T with vertices (0,0), (1,2), (1,3), (0,4).

(a) Evaluate the line integral 7{ zydr — 22dy using Green’s Theorem.
c

(b) Evaluate the line integral 7{ zydr — 22dy directly.
c

(c) Do you expect the value of the line integral to change if C' was replaced by a different curve through the same
four points?

(d) Evaluate the line integral 7{ 2zydx + 22dy in the most economical way.
c

(e) Do you expect the value of this second line integral to change if C' was replaced by a different loop through the
same four points?

(f) Evaluate the line integral / 2zydz + r2dy where L is the line segment from (0, 0) to (1,2) followed by the line
L
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segment from (1,2) to (1, 3).

Solution.

(a)

Make a sketch! Note that the region R enclosed by C' is bounded by 0<z <1, 2 <y<4—=z.

1 pd—g 1 —d—g
Hence,]{ :zryda:—a:Qdy:// (—2x—x)dydx:—3/ / xdydx:—3/ [xyr dx
/O R 0 Joz 0 y=2a

1
= —3/ (42 — 322)dz = —3{21:2 - 173} — 3.
0 0

We parametrize the four sides as (of course, any other parametrization is just as fine, as long as we are careful
about the orientation)

°
—
FY
-
Il

{;t}, from t=0to t=1,
. [m]:[”,fromt:2tot:3,

. [w}:[;;ﬂ,fromt:()totzl,

°
—
FY
-
Il

[2], from t=4 to t=0.

Then, f rydr — zdy
C

1 3 1 0
_ 2.1 _¢2. 0—12. _ (1) — (1—1)2. 0—02.
_/O (2121 —t 2)cht+/2 (t-0—1 1)dt+/0 (1=t)B+1t)-(=1) = (1—1) 1)dt+A (0-0—02-1)dt

1 1
:0—1+/ (4t—4)dt+0:—1+{2t2—4t]0:—3.
0
Yes. Fz[ % } = { e } is not a conservative vector field because My =z # N, = —2z. Hence, the line integral

F.dr :f zydx — x%dy depends on the precise path C.
c c

Note that F' = [ % } = { 2527’ ] is a conservative vector field because M, = 2z = N,. Hence, the line integral
F-dr :f 22ydz + 22dy =0 is zero (by the Fundamental Theorem) because C' is a loop.
c c
No. Because the integrand F = { 22y ] is a conservative vector field, the line integral 7{ F-dr= 7{ 2zydx +
¥ c c

22dy =0 is zero (by the Fundamental Theorem) for any loop C.

Since the integrand is conservative with potential function f(z,y) = 22y, we have / 2zydr + z2dy = f(1,
3) — f(0,0) =3. (The precise path of L does not matter.) t O
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Problem 6.

(a) Is the vector field F = 2cos(2z — y)

conservative? If so, determine a potential function.
| cos (2z—y)—1

(b) Is the vector field F = 2cos(2z — y)

conservative? If so, determine a potential function.
| —cos(2z —y)—1

3x2y%2 — 2

(c) Is the vector field F =| 2z3yz —3y?+ 2 | conservative? If so, determine a potential function.
By —r+y+2 J

Solution.

(a) No. F :{ A]\Jr ] fails the Component Test since M, # N,.

(b) Yes. F :[ I‘J\/[[ ] passes the Component Test: M, =2sin(2z — y) = N,.

To find a potential function, we start with f, = 2cos(2z — y) (or the other equation). Integrating with
respect to x, we therefore find that f=sin (2z — y) + C(y). Comparing derivatives with respect to y, we have
fy=—cos 2z — y) + Cy(y) = —cos (2z — y) — 1, which simplifies to Cy(y) =—1. Hence, C(y)=—y+ D.

In conclusion, f(z,y)=sin (22 —y) — y is a potential function.

9/0x 3z2y%z — z —| |V (2z8y +1) — (2z3y + 1) —| 0
(c) Yes. F passes the Component Test: curlF =| a/ay | X [ 223yz —3y%+ 2 J:{ (322y2 —1) — (3z2y2 — 1) J =|o0

0/0z 3yl —x+y+2 622yz — 6x2yz 0

To find a potential function, we start with f, = 3z2y%z — z (or one of the other three equations). This
implies that f=a23y%z — 22 + C(y, z). Comparing derivatives with respect to y, we have f, =2z3yz + C\(y,
z) = 223yz — 3y* + 2z, which simplifies to Cy(y, z) = —3y? + 2. Hence, C(y, z) = —y*> + yz + D(z). So
far, we found that f = 23y%2z — 22 — y®> + yz + D(z). Finally, comparing derivatives with respect to z,
f=23y?*— 2+ y+ D.(2) =23y? — x + y + 2. Simplified, this is D, =2, so D =22+ E.

In conclusion, f(z,y,2)=x3y?s — 22z — >+ yz + 22 is a potential function.

O

Problem 7. Let C be the straight-line segment from (0, 3, —1) to (4, —1, 3). Let D be the curve parametrized by
r(t)=t%+ (3—2t)j + (2t — 1)k, from t =0 to t =2.

(a) Evaluate the line integrals /

x(z+1)%dz + ydz and/ 2(z+1)%dz + ydz.
C

D
322y — 2
(b) Evaluate the line integrals / F-dr and / F-dr with F=| 223yz —3y?+ 2 | (as in the previous problem).
¢ b {x3y2—x+y+2J

(c) Write down an integral for the length of the curve D. No need to compute the integral; its numerical value is 7.19.

(d) Determine the average value of f(z,y,z)=y+3z on D.

Solution.
x(z+1)2
(a) Note that these integrals can also be written as / F -dr and / F -dr with F = 0 . This vector
c D
Y

field, however, is not conservative and so we cannot use the Fundamental Theorem of line integrals.
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0 4
We parametrize C' using r(t) _[ 3 } —|—t{ —4 ], from t =0 to t =1. Using that parametrization,
-1 4

1 1 1
/ x(z—|—1)2d3:—|—ydz:/ 4t(4t)2-4dt+(3—4t)~4dt:/ (25612 — 16t + 12)dt:[64t4—8t2+12t}0:68.
c 0 0

On the other, hand using the given parametrization r(t) =t + (3 — 2t)j + (2t — 1)k, from ¢t =0 to t =2, for D,

2 2 46 2268
/x(2+1)2d:c+ydz=/ t2(2t)2-(2t)dt+(3—2t)-2dt=/ (85 — 4t+6)dt—[T—2t2+6t] =3 ~893.
D

0 0 0

rom the previous problem, we know that F' is conservative with potential function f(z,y,z2)=2%y?z —x2z —
(b) Fi the previ problem, k that F' i ti ith potential function f(z,y, z) = x3y>

y3+y2z+2z. Since C and D are both curves from (0,3, —1) to (4, —1,3), we have, by the Fundamental Theorem
of Line Integrals,

/F dr—/ F-dr=f(4,-1,3) = f(0,3,-1)= (192 =12+ 1—-3+46) — (0 — 0 — 27 — 3 — 2) = 216.

2 2 2 2 2
(c) length(D):/ ds:/ ey (dyy, (dz dt:/ VA +8dt~7.19

(d) / fds—/ F(t2,3—2t 2t—1)\/(if) +<%>2+<j§) clt—/o2 ((3—2t) +3(2t — 1))V42 + 8dt

3/2 |6
:8/ t\/t2+2dt:4/ \/ﬂdu_[4§/2 1 :%(63/2—23/2)x31.65
0 2

31.65 __ 31.65

lcngth(D) 719 ~4.40. O

The average therefore is avg~

Problem 8. Let R be the region defined by 2z +2y+2<6,xz>1, y>1, 2>0.
(a) Determine the volume of R.

(b) Determine the average value of f(z,y,z)=z on R.

Solution.

3—x 6—2x—2y 3—x y=3—x
vol—/ / / dzdyd:v—/ / (6 — 2x—2y)dydx—/ [Gy 2cy —y ] . dx
y=

1
—/1 (4—4z +2?)dx {43:—23: —|—3L_1—§

2 3—z 6—2x—2y 2 3—z 2 y=3—=x
(b) / / / xdzdydx:/ / 3:(6—23:—2y)dyd:17:/ [Gy 2zy —y } ) dx
1 J1 0 1 =

2 r=2
423 5
—/ (4o — 42 + 23)dz = [2:10 ——5t 4} =1

=1

3—x 6—2x—2y
avg—ﬁ/ / / rdzdydr = 51//132 1 O

Problem 9. Let R be the region defined by 1< x24 y2—|— 22<4, >0, y=>0, 2>0.

(a) Write down an integral for the volume of R using spherical coordinates. Then, compute it.
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(b) Write down an integral for the volume of R using cylindrical coordinates. Then, compute it.

[The bounds are somewhat tricky!|

(c) Write down an integral for the volume of R using cartesian coordinates.

(d) Write down an (ordinary) integral for the average value of some function f(z,y,z) on R.

[Similar comment.|

[It is up to you to choose which coordinates you prefer to use.]

Solution. R is an eighth of a ball of radius 2, with an inner ball of radius 1 removed. Its volume therefore is

1] 4723 47r13]_77r
=

vol(R):§{ i

We will use that value to check that our computations involving multiple integrals are correct.

(a) /077/2 /Oﬂ/2 /12 p2sin¢dpd¢d9=g(/12 pzdp)</0”/2 sin¢d¢>:g[%3]j[ g1 T

(b) We have some choices about the order in which we consider the cylindrical coordinates r, 6

e An integral dfdrdz (or drdfdz):

T
1=—
6

, 2. Here are two
natural choices: (in each case, note that the inequality 1 <2+ y?+ 22 <4 becomes 1 <%+ 22

<4)

The tricky part is that the range for  changes in nature, depending on whether 0 <z <1 (in that case, r
ranges from the smaller sphere [where 2+ 22=1, so r =V/1 — 2?] to the larger sphere [where 1%+ 22 =4,
so r=V4 — 2%]) or whether 1<z <2 (in that case, r ranges from 0 to the larger sphere). We split the

integral accordingly:

4 22
/ / / rd@drdz—i—/ / / rdfdrdz
1— z2
4 22
/ / rdrdz + = / / rdrdz— {
V1=z2

_T AP s S
—4/03dz+4/1(4 z)d—4+4{4 3}1—44-4

e An integral dzdrdf (or dzdfdr):

c»olcn H

_Ir
6

2 2= —22
VAT T / {r—] AP
JVis® 21 1212

The tricky part is that the range for z changes in nature, depending on whether 0 <7 <1 (in that case,
z ranges from the smaller sphere to the larger sphere) or whether 1 <r <2 (in that case, z ranges from

0 to the larger sphere). We split the integral accordingly:

/2 /2 2 Va—r?
/ / / rdzdrdﬁ + / / / rdzdrdf
Vi=r2?

/ r(VI—72 - VT=2)dr 4+ T /\/4——d

1 2
e N -
’ 0 : 1
_r 3/2 3/2 _13/2 [ 3/21 _ T 93 _ :ﬁ
Gl AR L B3] = £ (2P - ) =

(c¢) Recall that R is an eighth of a ball of radius 2, with an inner ball of radius 1 removed.

Because of symmetry, it doesn’t matter in which order we consider the variables. We will write down an integral
with dzdydz. The overall range for z is 0 <z < 2. With z fixed, the range for y is 0 < V4 — 22,

The tricky part is that the range for z changes in nature, depending on whether 22+ y? <1 (in that case, z ranges
from the smaller sphere [where 22+ 4%+ 22=1, so z=+/1 — 22 — y?] to the larger sphere [where 22+ 3>+ 22 =4,
so z=1/4— 2% — y?]) or whether 2%+ y?>1 (in that case, 2 ranges from 0 to the larger sphere). We split the

integral accordingly:
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\/1 x2 \/4 x2—y> \/4 2 \/4—12—1/2
/ / / dzdydx—i—/ / / dzdydx
1— m2—u V1i—z2 0

Comment. Alternatively, if we insisted to write down a single integral,

2 pVia—a® Aty 0 if1—22—42<0
dzdydz with a(z,y) =< =
/0 /0 /a(;ﬂ,y) yerw () { /1 —22—192, otherwise.

(d) We can write down an integral for the average using any of the choices of coordinates:

e spherical coordinates:

/2 pm/2
avg = ﬁ / / f(psing cosf, psing sind, pcosg) p*singd pd pdl

e cylindrical coordinates:

6 2 Va—2%2 /2
avg = / / / (rcosf, rsind, z)rdddrdz + / / / f(rcosf,rsind, z)rdddrdz
T Visz? 1 Jo 0

e cartesian coordinates:

6 Vi-a?  pV/a-a?—y? 2 pVA—z? Az
avg = — / / / (z y,z)dzdydx—l—/ / / flz,y,2)dzdydx
m V1-z2—y2 0 Jvi-z2 Jo

O
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