MATH 126 — Calculus I1
Friday, Oct 23

Homework #8

Please print your name:

Problem 1. (9.1.36, 9.1.46, 9.1.62) Which of the following sequences {a, } converge, and which diverge? Find the
limit of each convergent sequence.
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Solution.

(a) lim a, does not exist.
n— oo

That’s because lim (1 — %) =1 while lim (—1)™ does not exist.

n— o0 n— oo

(b) Note that 0 < a,, < 2% Since lim 2—171 =0, it follows that lim a, = 0 (because a,, is squeezed between two
n— oo n— o0

sequences that both converges to 0).

2n+41 1
(c) Note that a,, =V3>"+1=3""n = 3*T%. Since 2+ =2 as n— oo (and the function 3* is continuous) it follows
1 n
that lim a,= lim 3°"%=32=09. O

n— oo n— oo

Problem 2. (9.1.98) Assume that the sequence

converges and find its limit.

Solution. This sequence {a, } is defined recursively: a; = V1 and a, =T+ an_1 for n>2.

e Suppose that lim a,= L. Taking the limit of both sides of a, =+/1+ a,_1, we get

n— 00

L= lim a,= lim /T+a,_1=V1+L.

n—oo n— oo
e Writing L=+/1+ L as L?=1+ L and solving this quadratic equation shows that L = 1i2\/5.
. V5 . . . . sl g . 14+v5
e Since is negative (and our sequence is positive), the limit (if it exists) has to be L =—-—. O
Problem 3. (Example 129) Assume that the sequence
123558132 3
1717273 5 8713 21" 7
converges and find its limit.
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Solution. Recall that 1, 1, 2, 3, 5, 8, 13, 21, ... are the Fibonacci numbers {F,}. They are defined recursively:
Fi=1, Fb=1and F,=F,_1+ F,,_o for n>3.

Frni1
F,

Our sequence are quotients of Fibonacci numbers {a,} with a,, =

1

An —1

Take F,+1=F, + F,,_1 and divide both sides by F}, to get the recursive relation a,, =1+

Suppose our sequence converges and lim a,, = L. Taking the limit of both sides of a,=1+ a;l’ we get
n— oo n—

o~ =

n— oo n— oo Ap—1

L= lim a,= lim (1+ 1 >:1—|—

1+

Writing L=1 —i—% as L?=L +1 and solving this quadratic equation shows that L =

2

1+
2

1S

Since > is negative (and our sequence is positive), the limit (if it exists) has to be L =

Numerically, L = 1+2\/5 ~ 1.618. The first few terms of our sequence are 1, 2, 1.5, 1.667, 1.6, 1.625, 1.615,

1.619, ..., which convinces us that our limit is correct. O

Problem 4. (9.2.8, 9.2.12) Write out the first eight terms of each series to show how the series starts. Then find
the sum of the series or show that it diverges.

n=2 n=0
= e 1 1 1 1
) TTEL T 1

11 1 1 1 1 1 1
[The first 8 terms are: 16’64’ 256° 1024’ 4096 ’ 16384’ 65536’ 262144]

/5 1 1) = /1" 1 1 3 17
®) > <ﬁ‘3—n)—5nzo (5) ‘nzo<§> ST 0Ty

n=0 2 3

13 41 127 389 1183 3581 10807
[The first 8 terms are: 4, 55, 576 7556 7776 16656 379936 0

Problem 5. (9.2.76) Find the values of = for which the geometric series

oo

£ (e

n=0

converges. Also, find the sum of the series (as a function of x) for those values of .

L= 1) non (3-z\" 1 2
Solution. Z (—§> (z—3) ZZ < D) > T3 z-1
n=0 o

n=0 2

provided that ’3771} <1 or, equivalently, 1 <z <5. O
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