Sketch of Lecture 31 Fri, 4/5/2019

5
Example 122. Evaluate Z 27k,
k=2

5
. 1 8+4+2+1 15
Solution. E 2—k_—+8+_16+_32 8+4+2+1 ;‘2 + =

Example 123. Write % +i4 % TR i using sigma notation.

W~

5 6
. 1
Solution. + += = + + kZ:l 57 or, for instance, Z 2k: — 1

Example 124. Write the following sums using sigma notation.
@) FO+F(G)+FG) +FE)+H IO+ FE) +IG)+1(3)
(b) £(3)+£(3) +F(E)+ SO+ I+ () +F(3) + 1)
© JE)+IE )+ R+ E) )+ () +1(F)
Solution.
(a) Xij (%)
Important note. %[f(o) T f(%) T f(%) T f(%) F Q)+ f(%) n f(g) T f(%)] is the Riemann

sum for the area between the z-axis and f(z) for x in [0, 2] using 8 intervals (of width %) and left
endpoints.

(kK
o) > 1(5)
k=1
Important note. % times this is the Riemann sum for the area between the z-axis and f(z) for z in
[0, 2] using 8 intervals (of width %) and right endpoints.

© éf(2k;1>orlif(2kg1>

Important note. % times this is the Riemann sum for the area between the z-axis and f(z) for z in

[0, 2] using 8 intervals (of width %) and midpoints.

Example 125. Let A be the area between the z-axis and f(x) for z in [1, 3].
(a) Write a Riemann sum for A using n intervals (of equal size) and midpoints.

(b) Evaluate the Riemann sum for f(x) :% and n=3.
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Solution.

3—1 2

(a) Each interval has length =, 50 that the midpoints are % apart. The first interval is [1, 1 —l—%]

n
2k —1
et

and has midpoint 1+ % Hence the k-th interval has midpoint 1+ % + (k- 1)% =1+

"2 2k —1
Hence, the requested Riemann sum is Z —f(l + )
=1 "

n

3
0 2 A )3 e
k=1

Comment. The true area is A=1n(3)~ 1.0986.

(Averages)

The average value of f(z) for z in [a,b] is —— A, where A is the area between the z-axis

and f(x) for z in [a, ). e

b
Soon. average of f on [a,b]= bia/ f(z)dz

Example 126. Estimate the average value of f(z) :% on [1,3] using a Riemann sum with 3
intervals and midpoints.

Solution. The average is ;A:%A, where A is the area between the z-axis and f(x) :% for z in [1, 3].

3—1
In the previous example, we estimated using a Riemann sum with 3 intervals and midpoints that Az%.
Hence, our estimate for the average is é% = % =~ 0.5417.

1_

Comment. The maximum of f(z) :% on [1, 3] is 5

somewhere inbetween.

Comment. Note that % times the Riemann sum is %(f(%) + f(g) + f(%)) which we recognize as
precisely the average of three of the function values.

1 and the minimum is % The average had to be
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