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Apéry numbers and the irrationality of ((3)

e The Apéry numbers 1,5,73,1445, ...

w2 () (1)

(n+ 1)3ups1 = 2n + 1) (1702 + 170+ 5)uy — nup,_y.

satisfy
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Apéry numbers and the irrationality of ((3)

e The Apéry numbers 1,5,73,1445, ...

n 2 2
Z n n—+k
satisfy k=0
n -+ Up+1 = (2N + n 4+ 1m+d)u, — nup_1.
1)3 on+1)(17Tn? +1Tn +5 3

THM €9

B (3 g is irrational.

1

proof The same recurrence is satisfied by the “near”-integers

n

£ (001 (B8 ity

B
Then, AEZ; — ((3). But too fast for ((3) to be rational. [
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Zagier’s search and Apéry-like numbers

o Recurrence for Apéry numbers is the case (a,b,c) = (17,5,1) of

(n + 1)3upi1 = (2n + 1)(an® + an + b)u, — cnu,_1.

Q  Avre there other tuples (a, b, c) for which the solution defined by

Beukers,

zager u_1 = 0, ug = 1 is integral?
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Zagier’s search and Apéry-like numbers

o Recurrence for Apéry numbers is the case (a,b,c) = (17,5,1) of

(n + 1)3upi1 = (2n + 1)(an® + an + b)u, — cnu,_1.

Q  Avre there other tuples (a, b, c) for which the solution defined by

Beukers,

zager u_1 = 0, ug = 1 is integral?

e Essentially, only 14 tuples (a, b, ¢) found. (Almkvist-Zudilin)

e 4 hypergeometric and 4 Legendrian solutions
e 6 sporadic solutions

e Similar (and intertwined) story for:

o (n+ 1)?un+1 = (an® + an + b)u, — enu, 1 (Beukers, Zagier)
o (n+1)%up = (2n+ 1) (an® + an + b)u, — n(en® + d)un_1  (Cooper)
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Apéry-like numbers

e Hypergeometric and Legendrian solutions have generating functions

1 2
5,0, 1 —a 1 a,l —a| —Cuz
3F2< 1,1 40“’2)’ T—c.2h ( 1 |1=¢.z)
1111
thg— -~ 2 =24 33 96 94,33
with « 5316 and C, ,3°,2°, 3
e The six sporadic solutions are:
(a,b,c) A(n)
(7,3,81) | Lp(=1)¥373 () ("1%) G
(11,5.125) | S5, (DR ()" ("5 + ()
(10,4,64) | 35 () () (*05)
<12 1416) | 3, ()’
n 2 n
9.3.-21) | X ()" () () ()
n 2 n C
<17 5.0 | e ()7(0F)
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Modularity of Apéry-like numbers

e The Apéry numbers 1,5,73,1145, ...

am=> (1) ("1

satisfy k=0
0’ (2r)n"(37) _ A(n) ( ' (m)n*?(67) )"
P (m)P(6m) =T \nt?@2n)n'?(37) )
modular form modular function
14 5q 4 132 + 23¢% + O(q%) q —12¢% +664° + O(q*)
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Modularity of Apéry-like numbers

e The Apéry numbers 1,5,73,1145, ...

am=> (1) ("1

satisfy k=0
UHCIUHCI NS T ( n'(r)n**(67) )"
P (m)P(6m) =T \nt?@2n)n'?(37) )
modular form modular function
1+ 5q + 132 + 23¢° + O(q%) q—12¢% +66¢% + O(¢*)

FACT Not at all evidently, such a modular parametrization exists for
all known Apéry-like numbers!
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Supercongruences for Apéry numbers

e Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp) =5 (modp?).
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Supercongruences for Apéry numbers

e Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp) =5 (modp?).
o Gessel (1982) proved that A(mp) = A(m)  (modp?).
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Supercongruences for Apéry numbers

e Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp) =5 (modp?).

o Gessel (1982) proved that A(mp) = A(m)  (modp?).

;I’I—:M The Apéry numbers satisfy the supercongruence (p > 5)
Coster'
W A(mp") = A(mprfl) (modpgr).

Armin Straub
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Supercongruences for Apéry numbers

e Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp) =5 (modp?).

o Gessel (1982) proved that A(mp) = A(m)  (modp?).
THM The Apéry numbers satisfy the supercongruence

(mod p°").

Beukers,
Coster
A(mp") = A(mp" ™)

'85, '88
EG Simple combinatorics proves the congruence
)2 (E) 624 |
= =141 (modp?).
G)-Z (06
For p > 5, Wolstenholme's congruence shows that, in fact,

<2;) =9 (aedld)

Armin Straub
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Supercongruences for Apéry-like numbers

e Conjecturally, supercongruences like

_ -1
A(mpr) = A(mpr ) (mod pST) Robert Osburn Brundaban Sahu
U. of Dublin, IE NISER, IN
hold for all Apéry-like numbers. Osburn-Sahu '09

e Current state of affairs for the six sporadic sequences from earlier:

a, b, c) A(n)

7,3,81) Z( 1)kgn=3k (1) (k) GR) opentl o
11,5,125) | S (=DF()" (") + (M5.7)) | Osburn-sahu-s 14
2

) (2(n k)) Chan—Cooper-Sica '10
k Osburn-Sahu '11
)2

12,4,16) | >, (%
9,3,-27) | S (
17,5,1) | i (&

NG

) Osburn-Sahu-S '14
EBIOIeS! open
)2

2
(nzk) Beukers, Coster '87-'88

(
(
(
(10,4, 64) Zk (Z
(
(
(
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Non-super congruences are abundant

a(mp”) = a(mp’™")  (modp") (©)

e realizable sequences a(n), i.e., for some map T : X — X,

aln)=#{x e X : T"x =z} “points of period n"

Everest—van der Poorten—Puri-Ward '02, Arias de Reyna '05
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Non-super congruences are abundant

a(mp”) = a(mp’™")  (modp") (©)

e realizable sequences a(n), i.e., for some map T : X — X,

aln)=#{x e X : T"x =z} “points of period n"
Everest—van der Poorten—Puri-Ward '02, Arias de Reyna '05
o a(n) — Ct A(l‘)n van Straten—Samol '09

if origin is only interior pt of the Newton polyhedron of A(z) € Z, [:clil7 A mj:l]
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Non-super congruences are abundant

a(mp”) = a(mp’™")  (modp") (©)

e realizable sequences a(n), i.e., for some map T : X — X,

aln)=#{x e X : T"x =z} “points of period n"

Everest—van der Poorten—Puri-Ward '02, Arias de Reyna '05

o a(n) =ct A(:L‘)n van Straten—Samol '09
if origin is only interior pt of the Newton polyhedron of A(z) € Z, [aclil7 A mfl]

n=1

This is a natural condition in formal group theory.

e If a(1) =1, then (C) is equivalent to exp (i a(n”)Tn) e Z[[T]).
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Cooper’s sporadic sequences

e Cooper's search for integral solutions to
(n 4+ 1)uns1 = (2n + 1)(an® + an + b)u, — n(cn® 4+ d)un 1

revealed three additional sporadic solutions: s10 and supercongruence known

=2 () -2 ()

sis(n) = [:Zj]u)k(’;) (2:) (257;: :)> [ (zn ok 1) . (% - 3k>}
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Cooper’s sporadic sequences

e Cooper's search for integral solutions to

(n 4+ 1)uns1 = (2n + 1)(an® + an + b)u, — n(cn® 4+ d)un 1
revealed three additional sporadic solutions: s10 and supercongruence known
n 2 k‘ kj n 4
s =3 () ()G e =3 ()
k=0 k=0
[n/3]
_ n\ (2k\ (2(n — k) 2n—3k—1 2n — 3k
st = 32 =0 () () (o) [ () + ()
CONJ
Cooper s7(mp) = s7(m) (mod p?) p>3
s1s(mp) = s18(m) (mod p?)
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Cooper’s sporadic sequences

e Cooper's search for integral solutions to
(n 4+ 1)uns1 = (2n + 1)(an® + an + b)u, — n(cn® 4+ d)un 1

revealed three additional sporadic solutions: s10 and supercongruence known

n

=2 () -2 ()

) — [nf(q)’“ (Z) (2:) (2(;::)) [(Qn _ff - 1) N <2n ; 31«)}

k=0
CONJ
C;[')lezer 57(mp) = S7 (m) (modp3) p=3
s18(mp) = s18(m) (modpQ)
THM _
Osburn s7(mp") = s7(mp™ 1) (mod p°") P25
2008 s1g(mp”) = slg(mpr_l) (modpQT)
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Basic g-analogs

e The natural number n has the g-analog:

1
pa =14qg+...+¢" !

In the limit ¢ — 1 a g-analog reduces to the classical object.
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Basic g-analogs

e The natural number n has the g-analog:

1
pa =14qg+...+¢" !

In the limit ¢ — 1 a g-analog reduces to the classical object.

e The g-factorial:
(]! = [nly [n—1],---[1],

e The g-binomial coefficient:
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A ¢-binomial coefficient

EG
6 6-5

<6> A+ g+ P+ P+ )+ g+ + P+ 4t
q

2 1+g¢
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A ¢-binomial coefficient

EG
6 6-5

<6> A+ g+ P+ P+ )+ g+ + P+ 4t
q

2 1+g¢
=(1-g¢+)1+q+¢) L+qg++¢*+¢"

=[3l, =[5l,
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A ¢-binomial coefficient

EG
6 6-5

<6> A+ g+ P+ P+ )+ g+ + P+ 4t
q

2 1+g¢
=(1-g¢+)Q+q+¢) L+qg++¢*+¢"
—®o(q) =[], —[5],

e The cyclotomic polynomial ®¢(q) becomes 1 for g =1
and hence invisible in the classical world
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The coefficients of ¢-binomial coefficients

e Here's some ¢-binomials in expanded form:

EG 6
<2> = +q¢" +2¢%+2¢° +3¢* +2¢* +2¢* + ¢+ 1
q

9

<3> — g1 4 ¢ + 2410 + 3¢5 + 4™ + 5¢13 + 7¢'2
I +7q11 +8q10+8q9+8q8+7q7+7q6+5q5

+4¢' +3¢° + 2% + g+ 1

e The degree of the g-binomial is k(n — k).
e All coefficients are positive!

e |n fact, the coefficients are unimodal. Sylvester, 1878
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A few faces of the ¢-binomial coefficient

The g-binomial coefficient (Z)
q

e satisfies a g-version of Pascal’s rule, (n> = (
J q

n—1
7—1

)3,
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A few faces of the ¢-binomial coefficient

The g-binomial coefficient (Z)

q
e : : / -1 -1
e satisfies a g-version of Pascal's rule, (n> = (n ) +q~7(” , ) .
1/ q i=1/4 ) /g
e counts k-subsets of an n-set weighted by their sum,
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A few faces of the ¢-binomial coefficient

The g-binomial coefficient (Z)

q

e . , j —1 1
e satisfies a g-version of Pascal's rule, (n> = (n ) +q~7(” , ) .
174 -1 q J q

e counts k-subsets of an n-set weighted by their sum,
o features in a binomial theorem for noncommuting variables,

n

(@+y)" =" (n> aly", if yz = qzy,

j:ojq
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A few faces of the ¢-binomial coefficient

The g-binomial coefficient (Z)

q

e . ) [ -1 n—1
e satisfies a g-version of Pascal's rule, (n> = (n ) +q~7(” , ) .
174 -1 q J q
e counts k-subsets of an n-set weighted by their sum,
o features in a binomial theorem for noncommuting variables,
n . n j.on—j H
(z+y) =Z(> aly" ™, if yz = gy,

j:ojq

e has a g-integral representation analogous to the beta function,
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A few faces of the ¢-binomial coefficient

The g-binomial coefficient (Z)

q

7—1
counts k-subsets of an n-set weighted by their sum,

satisfies a g-version of Pascal’s rule, (;) = (ni 1) +¢ (n; 1) .
q q q

features in a binomial theorem for noncommuting variables,

n

(@+y)" =" (n> aly", if yz = qzy,

j:ojq

e has a g-integral representation analogous to the beta function,

counts the number of k-dimensional subspaces of Fy.
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A g¢-analog of Babbage’s congruence

e Combinatorially, we again obtain: “q-Chu-Vandermonde”

(), 720,60
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A g¢-analog of Babbage’s congruence

e Combinatorially, we again obtain: “q-Chu-Vandermonde”
2p p p —k)?2
(), =20, 62
P/q k g \P q
2
=¢" +1=2],» (mod [p]?)

(Note that [p], divides <£> unless k =0or k =p.)
q
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A g¢-analog of Babbage’s congruence

e Combinatorially, we again obtain:

(), =20,

=¢" +1=

qp2
(Note that [p], divides <£> unless k =0or k =p.)
q

e This combinatorial argument extends to show:

THM /ap _[(a 9

“g-Chu-Vandermonde”

(mod [p]7)
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A g¢-analog of Babbage’s congruence

e Combinatorially, we again obtain: “q-Chu-Vandermonde”
2p p p —k)?2
(), =20, 62
P/q k g \P q
2
=¢" +1=2],» (mod [p]?)

(Note that [p], divides <£> unless k =0or k =p.)
q

e This combinatorial argument extends to show:

THM /ap _[(a 9
e Similar results by Andrews; e.g.:

(), a2 @) modip
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A g-analog of Ljunggren’s congruence

e The following answers the question of Andrews to find a ¢g-analog of
Wolstenholme's congruence.

THM For primes p > 5,

() = () -G (o) e = o
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A g-analog of Ljunggren’s congruence

e The following answers the question of Andrews to find a ¢g-analog of
Wolstenholme's congruence.

THM For primes p > 5,

() = () -G (o) e = o

EG Choosing p =13, a =2, and b =1, we have

26
<13> =14+¢%® —14(¢B -2+ 1 +q+...+¢2)3f (g
q

where f(q) = 14 — 41¢ 4+ 41¢*> — ... 4+ ¢*3% is an irreducible
polynomial with integer coefficients.
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The error term

RO G & s
P/, o

(mod [p]?)

2
-1
e Note that n

is an integer if (n,6) = 1.
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The error term

(Z;))q - (Z> e (bi 1) (b; 1) p21; a1 (mod pi)

n2—

1
¢ Note that is an integer if (n,6) = 1.

e Ljunggren’s classical congruence holds modulo p3*"
with r the p-adic valuation of Jacobsthal '52

ab(a—b)(Z) _2a<bil> (b;1>.
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A g-version of the Apéry numbers

e A symmetric ¢g-analog of the Apéry numbers:

n 2
_ n n—+k
¢’
k k
-0 q

Aq(n) = Z

k

)

2

q
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A g-version of the Apéry numbers

e A symmetric ¢g-analog of the Apéry numbers:

Ag(n) =) g (nk)? <Z> 2 <n Z /<;> 2

n

k=0 q q
e The first few values are:
A0)=1 A,(0)=1
A1) =5 Ag(1) =1+3q+¢°
A2) =73 Ay(2) = 14 3¢+ 9¢* + 14¢% + 19¢* + 144°

+9¢5 +3¢" + ¢
A(B)=1445 A (3) =1+ 3¢+ 9¢° + 22¢° + 43¢ + 76¢°
+117¢° + ... 4+ 3¢ + ¢'®
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g-supercongruences for the Apéry numbers

'SI'I;OIX‘I The g-analog of the Apéry numbers, defined as
n 2 2

_ ( 7]{)2 n n + k
aim =30 () ("1F)
k=0 q q

satisfy A1) =1+3¢+¢% A(l1)=5

Ag(pn) — A2 (n) = - (@ = 1)%f(n)  (mod [p]y)-
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g-supercongruences for the Apéry numbers

THM The g-analog of the Apéry numbers, defined as

S 2014
n 2 2
_ (nfk)Q n n + k
Al = a2 (1) (" 7F) |
k=0 q q
satisfy A1) =1+3¢+¢% A(l1)=5
-1 2 3
Aglpn) — A () = T (@~ 172f(n)  (mod )
e The numbers f(n) can be expressed as 0, 5,292, 13005, 528016, . . .

fln) = gg(n, k) <Z>2 (” Z k)Q, g(n k) = k(2n — k) + (n—]fk)?

e Similar congruences for other Apéry-like numbers?
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Some of many open problems

e Supercongruences for all Apéry-like numbers
e proof for all of them
e uniform explanation
e multivariable extensions
o Apéry-like numbers as diagonals
e find minimal rational functions
e extend supercongruences
e any structure?
e Many further questions remain.
e is the known list complete?
e higher-order analogs, Calabi-Yau DEs
e reason for modularity
e modular supercongruences Beukers 87, Ahlgren-Ono 00

[eS]

A (%) =a(p) (modp?), Z a(n)q" = ' (2r)n* (47)

n=1

g-analogs
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THANK YOU!

Slides for this talk will be available from my website:
http://arminstraub.com/talks

A. Straub
Multivariate Apéry numbers and supercongruences of rational functions
Preprint, 2014

R. Osburn, B. Sahu, A. Straub

Supercongruences for sporadic sequences

to appear in Proceedings of the Edinburgh Mathematical Society, 2014
A. Straub
Agq log of Ljunggren’s bil ial congruence

DMTCS Proceedings: FPSAC 2011, p. 897-902
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