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Apéry numbers and the irrationality of ((3)

e The Apéry numbers 1,5,73,1445, ...

-2 () (1)

satisfy k=0

(n+1)3u,1 = 204+ 1)(A7T02 + 170+ 5)up — n3up_1.
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Apéry numbers and the irrationality of ((3)

e The Apéry numbers 1,5,73,1445, ...

-2 () (1)

(n+ 1)3up1 = (2n + 1) (1702 + 17n + 5)up, — nu, 1.

satisfy

THM ((3) = 3> | L is irrational.

Apéry'78 n=1

proof The same recurrence is satisfied by the “near”-integers

n

- £ 1) (£ S sttt

k=0

Then, BE" — ((3). But too fast for ((3) to be rational. O
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Apéry-like numbers

o Recurrence for Apéry numbers is the case (a,b,c) = (17,5,1) of

(n + 1)3upi1 = (2n + 1)(an® + an + b)u, — cnu,_1.

Q  Avre there other tuples (a, b, c) for which the solution defined by
u_1 =0, ug =1 is integral?
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Apéry-like numbers

o Recurrence for Apéry numbers is the case (a,b,c) = (17,5,1) of

(n + 1)3upi1 = (2n + 1)(an® + an + b)u, — cnu,_1.

Q  Avre there other tuples (a, b, c) for which the solution defined by
u_1 =0, ug =1 is integral?

e Essentially, only 14 tuples (a, b, ¢) found. (Almkvist-Zudilin)

e 4 hypergeometric and 4 Legendrian solutions
e 6 sporadic solutions
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Apéry-like numbers

o Recurrence for Apéry numbers is the case (a,b,c) = (17,5,1) of

(n + 1)3upi1 = (2n + 1)(an® + an + b)u, — cnu,_1.

Q  Avre there other tuples (a, b, c) for which the solution defined by
u_1 =0, ug =1 is integral?

e Essentially, only 14 tuples (a, b, ¢) found. (Almkvist-Zudilin)

e 4 hypergeometric and 4 Legendrian solutions
e 6 sporadic solutions

e Similar (and intertwined) story for:

o (n+1)%upy1 = (an?® + an + b)u, — en®upy_q (Beukers, Zagier)
o (n+1)3upp1 = 2n+ 1)(an® + an + b)u,, — n(en? + d)uy—1  (Cooper)
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Apéry-like numbers

e Hypergeometric and Legendrian solutions have generating functions

1 2
ol —a 1 a,l—a| —Cuz
F 27 b 40 F b) «
32< 1,1 az) 1— Cn2? 1( 1 1—Caz) ’

with o = 3,2, % 1 and C, = 2%,33,26 24 . 33,

e The six sporadic solutions are:

(a,b,c) A(n)

(7,3,81) | Yo, (—1)kgn=3k(2) (k) GRY
(11,5,125) | S, (=DF()° (50 + (5.7))
(10,4,64) | ¥ ()G CTY)

(12 1.16) | X, (1))

9,3,-27) | S0, (D7D (5

(17 51) | Y (07N’
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Modularity of Apéry-like numbers

e The Apéry numbers

satisfy

7
n'(27
7]5
I—I
modular form

1,5,73,1145, . ..
n 2
Z n
(&) (
k=0
12n
Aln < ) .

I—I
modular function

”)

n=0

Multivariate Apéry numbers and supercongruences of rational functions

Armin Straub




Modularity of Apéry-like numbers

e The Apéry numbers

satisfy

7
n'(27
7]5
I—I
modular form

1,5,73,1145,...
i("f(” ’“)
k=0 k
12n
A ()
n=0

I—I
modular function

FACT Not at all evidently, such a modular parametrization exists for
all known Apéry-like numbers!

e Context: f(7) modular form of weight &
x(7) modular function
y(z) such that y(x(7)) = f(7)

Then y(x) satisfies a linear differential equation of order k + 1.
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Supercongruences for Apéry numbers

e The Apéry numbers satisfy the supercongruence (p=5)

_ Chowla—Cowles—Cowles '80
A(mpr) = A(mp'f' 1) mOdp&r‘- Gessel '82

Beukers, Coster '85, '88
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Supercongruences for Apéry numbers

e The Apéry numbers satisfy the supercongruence (p=5)

_ Chowla—Cowles—Cowles '80
A(mpr) = A(mpr 1) mOdpgr- Gessel '82

Beukers, Coster '85, '88

EG Simple combinatorics proves the congruence

(=S ()(,7) =101 mar

For p > 5, Wolstenholme’s congruence shows that, in fact,

2
( p) =2 modp’.
p
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Supercongruences for Apéry-like numbers

e Conjecturally, supercongruences like

A(mp") = A(mp’ ™)

hold for all Apéry-like numbers.

mod p®"

Osburn—Sahu '09

e Current state of affairs for the six sporadic sequences from earlier:

(a,b,c) A(n)

(7,3,81) | 3o, (—1)k3n=3k(n)(nih) GRY openl!

(11,5,125) | S (=1)k(%)° ((4"*35;?*1) + (4”3;5’“)) Osburn-Sahu-S '13
(10,4, 64) Zk (2)2(2]5) (2(T:l:kk)) Osburn—Sahu '11

(12 4, 16) Zk (2)2(2:)2 Osburn—-Sahu-S '13
9, 27) Zk,l (:)2 i (];) (k:l) open

(17 9, 1) Zk (Z)Q(n:;k)Q Beukers, Coster '87-'88
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Sources for (non-super) congruences

a(np”) = a(np"™") (mod p") (€)

e a(n) is realizable if there is some map 7' : X — X such that
aln) =#{rxr € X : T"x = z}. “points of period n”

In that case, (C) hOldS. Everest-van der Poorten—Puri-Ward '02, Arias de Reyna '05
In fact, up to a positivity condition, (C) characterizes realizability.
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Sources for (non-super) congruences

a(np”) = a(np"™") (mod p") (€)

e a(n) is realizable if there is some map 7' : X — X such that
aln) =#{r € X : T"z = z}. “points of period n”

In that case, (C) hOldS. Everest-van der Poorten—Puri-Ward '02, Arias de Reyna '05
In fact, up to a positivity condition, (C) characterizes realizability.

o Let A(z) € Zy[zi!, ... ,a:jl] be a Laurent polynomial.
If the Newton polyhedron of A contains the origin as its only interior
point, then a(n) = ct A(x)™ satisfies (C). van Straten-Samol ‘09
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Sources for (non-super) congruences

a(np”) = a(np"™") (mod p") (€)

e a(n) is realizable if there is some map 7' : X — X such that
aln) =#{r € X : T"z = z}. “points of period n”

In that case, (C) hOldS. Everest-van der Poorten—Puri-Ward '02, Arias de Reyna '05
In fact, up to a positivity condition, (C) characterizes realizability.

o Let A(z) € Zy[zi!, ... ,a:jl] be a Laurent polynomial.
If the Newton polyhedron of A contains the origin as its only interior
point, then a(n) = ct A(x)™ satisfies (C). van Straten-Samol ‘09

e If a(1) =1, then (C) is equivalent to exp (i a(n)T"> € Z[[T7).

n=1
This is a natural condition in formal group theory.

n
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Apéry numbers as diagonals

e Given a series
_ n ng
F(zy,...,xq) = E a(nl,...,nd)xll'-‘xd,
ni,...,ng=0

its diagonal coefficients are the coefficients a(n,...,n).

THM The Apéry numbers are the diagonal coefficients of
S 2013

1

(1 — 1 — :L’Q)(l — X3 — a;4) — x1x2x3x4'
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Apéry numbers as diagonals

e Given a series

F(z1,...,2q) = Z a(ni,...,ng)z* - xl,

ni,...,ng=0
its diagonal coefficients are the coefficients a(n,...,n).
THM The Apéry numbers are the diagonal coefficients of
S 2013
1
(1 — 1 — :L’Q)(l — X3 — a;4) — .7311’2]:3%4.
e Previously known: they are also the diagonal of Christol, '84

1
(1 —21) [(1 —22)(1 — 23)(1 — 24)(1 — w5) — wyw203]

e Such identities are routine to prove, but much harder to discover.
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Apéry numbers as diagonals

e Given a series

F(z1,...,2q) = Z a(ni,...,ng)z* - xl,
ni,...,ng=0
its diagonal coefficients are the coefficients a(n,...,n).
'SI'I;IOI;/3I The Apéry numbers are the diagonal coefficients of
1
(1 — 1 — :L’Q)(l — X3 — a;4) — .7311’2]:3%4.
e Univariate generating function:
17—z — 111 1024
> A" = (e i
= 4V2(1+  + 2)3/? L1 Q-a+z)

where z = 1 — 34z + x2.
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Apéry numbers as diagonals

e Given a series
_ n ng
F(zy,...,xq) = E a(nl,...,nd)xll'-‘xd,
ni,...,ng=0

its diagonal coefficients are the coefficients a(n,...,n).

THM The Apéry numbers are the diagonal coefficients of
S 2013

1
(1 — 1 — :L’Q)(l — X3 — a;4) — .7311’2]:3%4.

e Well-developed theory of multivariate asymptotics e.g., Pemantle-Wilson

e Such diagonals are algebraic modulo p". Furstenberg, Deligne '67, '84
Automatically (pun intended) leads to congruences such as

1 mod8, ifn even,

— Chowla—Cowles—Cowles '80
A(TL) - . Rowland-Yassawi '13
5 mod8, if n odd.
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Multivariable supercongruences

e Denote with A(n) = A(n1,n2,n3,n4) the coefficients of
1

(1 — 1 — ZCQ)(I — X3 — .2134) — .1’1.%21’3.7}4.

'SI'Iglolxl Let n = (n1,n2,n3,n4) € Z*. For primes p > 5,

Anp") = A(np™™')  modp’.
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Multivariable supercongruences

e Denote with A(n) = A(n1,n2,n3,n4) the coefficients of

1
(1 — 1 — acg)(l — X3 — x4) — .1’1.%2%’3274.

4
I';'O'}g' Let n = (n1,n9,n3,n4) € Z*. For primes p > 5,

Anp") = A(np™™t)  modp®

e Note that if > a(n)z" = F(x), ¢, = exmilp
n=0
then
2_alpma™ = ZF &)
n=0

e Hence, both A(np”) and A(np"~!) have rational generating function.
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Multivariable supercongruences

e Denote with A(n) = A(n1,n2,n3,n4) the coefficients of

1
(1 — 1 — acg)(l — X3 — x4) — .1’1.%2%’3274.

P;'o'}g Let n = (n1,n2,n3,n4) € Z*. For primes p > 5,

Anp") = A(np™™')  modp’.

e By MacMahon's Master Theorem,

A(n) = k% (7;1> (T;g) <n1 +§12 - k:> <n3 +TZ4 _ k:>
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Multivariable supercongruences

e Denote with A(n) = A(n1,n2,n3,n4) the coefficients of
1
(1 — 1 — acg)(l — X3 — x4) — .1’1.%2%’3274.

THM |et n = (ny,n,n3,n4) € Z*. For primes p > 5,

S 2013
Anp") = A(np™™')  modp’.

e By MacMahon's Master Theorem,
n1+n2—k> <n3+n4—k:>

B ni\ [(ns
A(n)z<k><k>< m n3
kEZ
e Because A(n — 1) = A(—n, —n,—n,—n), we also have

A(mp" —1) = A(mp"! = 1)

mod p37’ . Beukers '85

Armin Straub
10 /13
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Further examples

e The Franel numbers
n 3

n

=0

k
are the diagonal coefficients of both

1 1
(1 — 1‘1)(1 — 582)(1 — xg) — :Elﬁbzl‘g’ 1-— ($1 + 29 + 333) + 4$1$2$3‘
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Further examples

e The Franel numbers
n 3

n

=0

k
are the diagonal coefficients of both

1 1
(1 — CL‘l)(]_ — 582)(1 — xg) — IE1£E2$37 1-— (Il + 29 + l’g) + 4:1/‘1$2$3‘

e The multivariate supercongruences
F(np") = F(np™™') modp*"

appear to hold in both cases. Open in the second case.
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Some of many open problems

e Supercongruences for all Apéry-like numbers

proof for all of them
uniform explanation
multivariable extensions

o Apéry-like numbers as diagonals

find minimal rational functions
extend supercongruences
any structure?

e Many further questions remain.

is the known list complete?
higher-order analogs, Calabi—Yau DEs
reason for modularity

modular supercongruences

A(P51) =) (mod )

g-analogs

Beukers '87, Ahlgren—Ono '00

> a(n)g" = n* 27y’ (47)

n=1
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THANK YOU!

Slides for this talk will be available from my website:
http://arminstraub.com/talks

A. Straub
Multivariate Apéry numbers and supercongruences of rational functions
Preprint, 2014

R. Osburn, B. Sahu, A. Straub
Supercongruences for sporadic sequences
Preprint, 2013

A. Straub, W. Zudilin
Positivity of rational functions and their diagonals
Preprint, 2013
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Fuller version of main result

150 Let A = (A1,... A) € Z4y with d = Ay + ...+ Mg, and set

5(j) = A1+ ...+ Aj_1. Define Ay(n) by

¢ Aj -1

H 1-— Z%s(j)Jrr — X1T2 - Tq = Z A,\(n)w"
P=ll

= d
Jj=1 n6220

<

e If £ > 2, then, for all primes p and integers r > 1,
Ax(np") = AA(nprfl) (mod pm).

e If £ > 2 and max(Ay,...,\r) <2, then, for primes p > 5
and integers r > 1,

Ax(np") = A,\(npr_l) (mod pgr).
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