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God does not care about our mathematical difficulties. He
integrates empirically. — Albert Einstein
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Combinatorics

Binomial expansion

The random walk integrals

Definition

n S

Wi(s) ::/ 262”’” de
[0.41™ [k=1

» PRIMA, quantum chemistry, code analysis in WWII.

God does not care about our mathematical difficulties. He
integrates empirically. — Albert Einstein
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Early evaluations of W,,(s)
> W1(S) =1.
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Early evaluations of W,,(s)
> W1(S) =1.
> WQ(S) = (3;2).
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Binomial expansion
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Early evaluations of W,,(s)
> W1(S) =1.

> WQ(S) = (3;2).
» Dimension reduction:

Wi(s) = /[O .

- /[;]’1]n1

s

da

n
§ :6271':%2
k=1
n—1
27Tl'ki
14+ E e

k=1

d(z1,...,2p-1)
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Introduction
Combinatorics
Binomial expansion

Part |

Early evaluations of W,,(s)
> W1(S) =1.

> WQ(S) = (3;2).
» Dimension reduction:

Wi(s) = /[O .

- /[;]’1]n1

Ws(1) 1.57459723755189365749
Wy(1) 1.79909248
W5(1) ~ 2.00816

s

da

n
§ :6271':%2
k=1
n—1
27Tl'ki
14+ E e

k=1

d(z1,...,2p-1)

» Values:

Q

Q
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Introduction

Part | Combinatorics

Binomial expansion

W, (k) at even integers k
» Easier (no square root), and combinatorial:
k__Jof2]4 6 [8 [10 |
Walk) [1]2]6 |20 |70 | 252

3115|193 | 639 | 4653
4128 | 256 | 2716 | 31504

= =
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Part | Combinatorics

Binomial expansion

W, (k) at even integers k

» Easier (no square root), and combinatorial:
k__Jof2]4 6 [8 [10 |

Wa(k)| 1126 |20 |70 252

Ws(k) | 13|15 |93 | 639 | 4653

Wy(k) | 1] 41|28 | 256 | 2716 | 31504
» Sloane etc:

Wa(2k) = (Qkk)
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Part | Combinatorics

Binomial expansion

W, (k) at even integers k

» Easier (no square root), and combinatorial:
k__Jof2]4 6 [8 [10 |

Wa(k)| 1126 |20 |70 252

Ws(k) | 13|15 |93 | 639 | 4653

Wy(k) | 1] 41|28 | 256 | 2716 | 31504
» Sloane etc:

Wa(2k) = (Qkk)

wa2k) = 3,57
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Part | Combinatorics

Binomial expansion

W, (k) at even integers k
» Easier (no square root), and combinatorial:
k__Jof2]4 6 [8 [10 |
Walk) [1]2]6 |20 |70 | 252

3115|193 | 639 | 4653
4128 | 256 | 2716 | 31504

= =

» Sloane etc:
Wa(2k) = (Qkk)
Wa2k) = 3,(9)%(%)
wik) = ;5" (%) )
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Introduction

Part | Combinatorics

Binomial expansion

W, (k) at even integers k

» Easier (no square root), and combinatorial:
k__Jof2]4 6 [8 [10 |

Wo(k)[1]2]6 [20 |70 252

Ws(k) [1]3]15]93 | 639 | 4653

Wy(k) | 1] 4] 28] 256 | 2716 | 31504

» Sloane etc:

Wa(2k) = (Qkk)

wa2k) = 3,57

Wa2k) = 3, (57 (%) (%)

wa2k) = 3,07 CE),60) (%)
= 0 UM 0
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W, (k) at even integers k (continued)

» General formula:
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Introduction
Combinatorics

Binomial expansion

W, (k) at even integers k (continued)

» General formula:

Wa(2k)= > (a1, kan)Q

a1+...+an=~k

» Studied by others, convolution:

Wi (28) i( )2 1 (2) W (200 — )
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Introduction

Part | Combinatorics

Binomial expansion

W, (k) at even integers k (continued)
» General formula:
k 2
W, = .
= 2 (0
a1+...+an=~k
» Studied by others, convolution:

k

2
W pma(28) = 3 (f) W, (20) W (25 — )

i=0
» Recursions by Sister Celine, eg.:

(k 4 2)°W3(2k 4 4) — (10k* 4 30k + 23)W3(2k + 2)
+9(k 4+ 1)°W3(2k) = 0.
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Introduction
Combinatorics

Binomial expansion

W, (k) at even integers k (extra)

» W3(2k) and W4 (2k) appear in physics as hexagonal and diamond
lattice integers.
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Introduction

Part | Combinatorics

Binomial expansion

W, (k) at even integers k (extra)

» Ws5(2k) and W4(2k) appear in physics as hexagonal and diamond
lattice integers.

» Some formulas from B-B-B-G:

3k

2
<ZW3(2k)(—x)k) - ZW2(21€)3((1+$)3(1+9$))k+1/2

k>0 k>0

= ) Wa(2k)Ws(2k)
k>0

(—x(14 z)(1 + 9z))F
(1 — 3x)(1 + 3z))2k+1

rk

B R (e Tk
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Introduction

Part | Combinatorics

Binomial expansion

W, (k) at even integers k (extra)

» Ws5(2k) and W4(2k) appear in physics as hexagonal and diamond
lattice integers.

» Some formulas from B-B-B-G:

3k

2
<ZW3(2k)(—x)k) - ZW2(21€)3((1+$)3(1+9$))k+1/2

k>0 k>0

= ) Wa(2k)Ws(2k)
k>0

(—x(14 z)(1 + 9z))F
(1 — 3x)(1 + 3z))2k+1

rk

B R (e Tk

» What about W5, Wg,...?



Introduction
Combinatorics

Binomial expansion

Binomial expansion of W, (s)

S

» Recall W,(s) ::/

[0,1]™

n
2 : 2Tx 0
k=
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Introduction
Combinatorics

Binomial expansion

Binomial expansion of W, (s)

S

» Recall W, (s) ::/ Z Iyt
[071]71 k=

2
=n2— 4Zsin2(7r(xj —x;))

1<j

2mxLi
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Introduction
Combinatorics

Binomial expansion

Binomial expansion of W, (s)

S

» Recall W, (s) / Z et
[0,1]™ 1 .=

=n —425111 Tj— x;))

1<J

2W$kl

> Blnomlal expansion:

Wa(s) =n° 3 (;;lm <ﬁz> /[O’Hn (4Zsin2(ﬂ(mj - xi))>mdaz

m>0 i<j

=:In.m
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Introduction
Combinatorics

Binomial expansion

Binomial expansion of W, (s)

S

v

Recall W, (s) / Imayi
[0,1]" kz

=n —425111 Tj— x;))

1<J

27rmkz

v

> Blnomlal expansion:

Wa(s) =n° 3 i;ﬁ:n( >/{01 ( S sin?(r x)))mdaz

m2=0 1<j

=Inm

v

Experimentally found recursion for I3 ,.
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Combinatorics

Binomial expansion

W, (s) as a sum
» Looking up I3,, on Sloane: get A093388

1,6,42,312, 2394, 18756, 149136, . . .
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Part | Combinatorics

Binomial expansion

W, (s) as a sum
» Looking up I3,, on Sloane: get A093388

1,6,42,312, 2394, 18756, 149136, . . .
» Find that I3, is coefficient of (xyz)™ in

Bayz — (z+y)(y + 2)(z +2))"
= (32:pyz —(r+y+2)(rvy +yz + Zx))m
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Introduction

Part | Combinatorics

Binomial expansion

W, (s) as a sum
> Looking up I3,, on Sloane: get A093388

1,6,42,312, 2394, 18756, 149136, . . .
» Find that I3, is coefficient of (xyz)™ in

Bayz — (z+y)(y + 2)(z +2))"
= (32:pyz —(r+y+2)(rvy +yz + Zx))m

» Conjecture that I, ,, is constant term of

(n? = (@1 + ...+ 2) (w1 + .+ La))"
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Introduction

Part | Combinatorics

Binomial expansion

W, (s) as a sum
> Looking up I3,, on Sloane: get A093388

1,6,42,312, 2394, 18756, 149136, . . .
» Find that I3, is coefficient of (xyz)™ in
(Bayz — (x +y)(y + 2) (2 + x))"
= (3%zyz — (z+y+2)(zy +yz + z2))"
» Conjecture that I, ,, is constant term of
(n2 — (1 4+ .. F ) e+ ..+ 1/xn))m
» Leads to conjecture
s\ I Lk 2
_ 8 2
o= S0 ()G S ()
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Introduction
Combinatorics

Binomial expansion

W, (s) as a sum (continued)

» In particular,
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Introduction
Combinatorics

Binomial expansion

W, (s) as a sum (continued)

> In particular,
m=s S () () S 0) (5 S 0)

» Also implies the previous formula for W,,(2k), via a binomial
transform.
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Introduction

Part | Combinatorics

Binomial expansion

W, (s) as a sum (continued)

» In particular,

m=a () () B0 ) 500

» Also implies the previous formula for W,,(2k), via a binomial
transform.

» The elliptic integrals arise out of Wha:

2

> 2E(1) 1/2,-1/2
21—2k24k_ 7r _2F1< Y

k:0
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Binomial expansion

From combinatorics to analysis...

Part 11 4
...and a shower of conjectures

W, (s) as a sum (idea of proof)

> Need I, ,,, = / <4Zsin2(7r(xj — xl))> dax as const. term of
[0,1]

(n? = (z1+ ...+ 2) /21 + ...+ 1/zy))"
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Binomial expansion

From combinatorics to analysis...

Part 11 4
...and a shower of conjectures

W, (s) as a sum (idea of proof)

> Need I, ,,, = / <4Zsin2(7r(xj — xl))> dax as const. term of
[0,1]

» Now, expand the m-th power on both sides...
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures
Recursions for W, (s)

» Have seen: for integers k

(k 4 2)°W3(2k + 4) — (10k* 4 30k + 23)W3(2k + 2)
+9(k +1)*W3(2k) = 0.
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures
Recursions for W, (s)

» Have seen: for integers k

(k 4 2)°W3(2k + 4) — (10k* 4 30k + 23)W3(2k + 2)
+9(k +1)°W3(2k) = 0.

Theorem (Carlson’s Theorem)

If f(2) is analytic for Re(z) > 0, “nice”, and

f(0)=0,f(1) =0,f(2) =0,...

then f(z) = 0 identically.
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures
Recursions for W, (s)

» Have seen: for integers k

(k 4 2)°W3(2k + 4) — (10k* 4 30k + 23)W3(2k + 2)
+9(k +1)°W3(2k) = 0.

Theorem (Carlson’s Theorem)
If f(2) is analytic for Re(z) > 0, “nice”, and

f(0)=0,f(1) =0,f(2) =0,...

then f(z) = 0 identically.
> Wy (s) nice!
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3(s) at integers

» We have

k 2 1/2,—k,—k
Wi = 5 () =)

a1+az+az=k
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures

Ws(s) at integers

» We have

k 2 1/2,—k,—k
Ws(2k) = Z <a17a2,03> _SFQ( 1,1 ‘4>

a1+az+az=k

Conjecture (Dirk Nuyens)

For integers k,
2
Ws(k) = Re V3(k).
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3 versus Vs
> Still, V3(s) = 3F2<1/2, —i/i, —5/2‘4)_
> Here's Re(Ws(s) — Vs(s)):

Armin Straub, James Wan Expectations of Random Walks



Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3 versus Vs
> Still, V3(s) = 3F2<1/2, —i/i, —5/2‘4)_
> Here's Re(Ws(s) — Vs(s)):
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3 versus V3 (part 2)

» Why is W3(s) # V3(s) for non-integers s7

» Both functions are analytic for Re(s) > 0 and satisfy the same
recursion.
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures

W3 versus V3 (part 2)

> Why is W35(s) # V3(s) for non-integers s?
» Both functions are analytic for Re(s) > 0 and satisfy the same
recursion.

Theorem (Carlson’s Theorem)

If f(2) is analytic for Re(z) > 0, “nice”, and

f(0)=0,f(1) =0,f(2) =0,...

then f(z) = 0 identically.
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3 versus V3 (part 2)

> Why is W3(s) # V3(s) for non-integers s?
» Both functions are analytic for Re(s) > 0 and satisfy the same
recursion.

> Well.. ‘W‘

23.0

L
r 21 40 60 80 100 120 140
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3 versus V3 (part 2)

> Why is W3(s) # V3(s) for non-integers s?
» Both functions are analytic for Re(s) > 0 and satisfy the same
recursion.

> Well.. ‘W‘

23.0

L
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W3 versus V3 (part 2)

» Why is W3(s) # V3(s) for non-integers s?
» Both functions are analytic for Re(s) > 0 and satisfy the same
recursion.

> Well. ‘W‘

23.0

Not nice!!

L
r 21 40 60 80 100 120 140
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Binomial expansion

From combinatorics to analysis...
Part 11 Y

...and a shower of conjectures

W3(s) at integers (continued)

» Based on Dirk's conjecture,

Wa(1) - 4v/3 <3F2<—1/2,—1/2,—1/2‘i> _1)

3 1,1 T
1/2,1/2,1/2|1
+\/§F /2:1/2,1/2| 1\
24 2,2 4
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Binomial expansion

From combinatorics to analysis...
Part 11 A
...and a shower of conjectures

W3(s) at integers (continued)

» Based on Dirk's conjecture,

Wa(1) - 4\3/3 <3F2<—1/2,—1/2,—1/2‘i> _1)

1,1 us
V3 1/2,1/2,1/2|1
LYY F( 2,2 ’4)‘
» Equivalently, for ks = \f\/_il
K2(k 1
Wi(l) = 2v3 ) 3

2 K2(ks)

1/3 2/3
16 74 3 4 7t 3
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Binomial expansion

From combinatorics to analysis...
Part 11 A
...and a shower of conjectures

W3(s) at integers (continued)

» Based on Dirk's conjecture,

Wa(1) - 4\3/3 <3F2<—1/2,—1/2,—1/2‘i> _1)

1,1 us
V3 1/2,1/2,1/2|1
LYY F( 2,2 ’4)‘
» Equivalently, for ks = \f\/_il
K2(k 1
Wi(l) = 2v3 ) 3

2 K2(ks)

1/3 2/3
16 74 3 4 7t 3
» Also W35(3), Ws5(5),...

Armin Straub, James Wan Expectations of Random Walks



Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures

W,(s) at integers

» We have
k 2
Wa(2k) = Z <a1,...,a4>
a1+-+as=k
2 . )
1/2, — —
_ Z<k> 3F2< /2, =k + ], k+y‘4>.
- J 1,1
j=0
::VZ(ZIC)
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures

Wy(s) at integers

» We have
k 2
e = (")
a1+-+as=k
2 . )
1/2, — —
- J 1,1
j=0
::VZ(ZIC)
Conjecture

For integers k,
Wa(k) = Re Vi (k).
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Binomial expansion

From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

W4 versus V;

» Still, Vi(s)

‘ <3/2> 3F<1/2 s/2l+’f,—s/2+j‘4)_
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures

Wy(s) at integers (continued)

» Based on the previous conjecture,

L

Wy(1) =~ 1.79909247984285103353260284584610891006
6282003291620456626641773598854266932120
57524116193057347482805601701444451798 . ..

in agreement with the 8 digits obtained by quadrature.
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Binomial expansion
From combinatorics to analysis...

Part 11

...and a shower of conjectures

Wy(s) at integers (continued)

» Based on the previous conjecture,

L

Wy(1) =~ 1.79909247984285103353260284584610891006
6282003291620456626641773598854266932120
57524116193057347482805601701444451798 . ..

in agreement with the 8 digits obtained by quadrature.
» Wy(1) a sum of four 4F3's?? Any other “closed” form?

Armin Straub, James Wan Expectations of Random Walks



Binomial expansion

From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

Bold finale

» For some (even?) n and some (integer?) s,

Wals) 237 ( .2>2wn_1<s - 2j).

>0 N7
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Binomial expansion

From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

Bold finale

» For some (even?) n and some (integer?) s,

Wals) 237 ( .2>2wn_1<s - 2j).

>0 N7

» True for n = 2, true for even s.

» Probably true for n = 4 and integer s.
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Binomial expansion
From combinatorics to analysis...

Part 11 5
b ...and a shower of conjectures

Bold finale

» For some (even?) n and some (integer?) s,

Wals) 237 ( .2>2wn_1<s - 2j).

>0 N7

» True for n = 2, true for even s.

» Probably true for n = 4 and integer s.

THANK YOQU!
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