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Log-sine integrals: Demonstration

Basic usage

As a first step, the log-sine integral package needs to be loaded in some way.

Ultimately, this step is hoped to become unnecessary if the functionality is
integrated into the core of SAGE.

attach "/home/armin/docs/math/sage/logsine.sage"

Log-sine integrals can now be entered as in the examples below.

If the option typeset is selected for this notebook then the resulting output
matches the notation used in mathematical papers.

1s(5,1,pi/3)
Ls{" (1)
1s(5,0,pi/3)
L55(§1,7T)

The main functionality of this package is the conversion of log-sine integrals to
polylogarithms. This is achieved with the command Istoli as illustrated in the
next few examples:

lstoli(-1s(4,2,pi))

37¢(3)
lstoli(ls(4,1,pi))

— 712—10 mt —2Gly, (7)
lstoli(-1s(5,1,pi))

—}l m2((3) + 1% (5) =6Cl3 4 (m)
lstoli(-1s(6,1,pi))

— 113—20 70 +3¢(3)*+24Gly,,,(m) — 18 Gl; ()
lstoli(ls(5,1,pi/3))
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112 4(3) + 5 T{_C14(?l, ) - 14_94(5)
lstoli(ls(5,0,pi/3))

—foi ™ +6GLa(37)

for n in [2..8]:
view(ls(n,0,pi) == lstoli(ls(n,0,pi)))

Lsy(m) =

Lsy(m) = —57°

Ls,(m) = 2 m((3)

Lsy(m) = — 21—90 o

Lsg(m) = § 70(3) + £ nC(5)

Ls;(7) = — 12??—4521777 — %577( 3)?

Lsq(r) = % () + %2 23¢(5) + B n((7)

for n in [2..7]:

view(ls(n,0,pi/3) == lstoli(ls(n,0,pi/3)))

Ls, (4 7) = Cly(Ln)

Lsy(3m) = — o °

Ls,(57) = 57¢(3) + § Cly(5 7)

LS5(§ ) = — llg’ﬁ’oﬂ +6Gl, 1(%7r)

Lsg(57m) = £ 7°¢C(3) + 3 ¢(5) + L2 Cly(57)

LS7(§1) ) = — ??;13—?32777 - b 7rC(3)2 + 135 G16,1(%7r)
lstoli(ls(6,3,pi/3)-2*1ls(6,1,pi/3))

313 6

904120

The argument of the log-sine integral may be symbolic:

assume (0<x, x<2*pi)
lstoli(ls(4 1,x))

&t — amia? 4 e — Lt — 22Gly, (z) — 2Gly 4 (2)
lstoli(ls(6,4,x))

z1Cly(z) + 4 23Cly(z) — 12 2°Cly(z) — 24 2Cl;(x) + 24 Clg(2)
assume (0<x, x<2*pi)
for n in [3..4]:

for k in [0..n-2]:
view(ls(n,k,x) == lstoli(ls(n,k,x)))
Lsy(x) = —i wx + iwx2 — 112 z3 — 2 Gly, ()
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Ls{"(z) = 2Cly(z) — ¢(3) + Cly(z)
Ls,(z) = %WQCIQ(x) — %’773:C12(x) + %xZCIQ(x) + %WC(3) — %’WC13(x) + %x'

Ls{V(z) = &7t — 1 720% 4 Loa® — Lot — 22Gly, (2) — 2Gly, (2)
Ls{"(z) = 22Cly(z) + 22Cly() — 2 Cl,(z)
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